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Abstract— In this study some fixed point theorems are established on the extended (k,, k,)-centralizers on C*-algebras.
Considering different conditions on the extended centralizer f such as asymptotic regularity property, asymptotically non-
expansive property etc.are used to get the fixed point on a C*-algebra A. Also, different contractive type conditions are taken on
the mapping k, to get some more results of fixed point for the extended centralizer f on a C*-algebra 4. Some examples are
given in support of the theorems.
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1 Introduction

The concept of C*-algebra can be found in [5] ,[14], [3] and [11]. Because of its tremendous application in various fields
of mathematics and physics C*-algebra theory is developed quite rapidly since its introduction. Some application of C*-algebra
are found in topology, quantum mechanics,representation theory of locally compact groups, partial differential equations,
numerical analysis etc.

The study of fixed point theory is also of great importance in now a days due to its wide applicability in different fields
like mathematics, economics, commerce, physics, life science, computer science, engineering etc. After the well known banach
contraction principle, there is an interesting development of this theory considering different spaces such as C*-algebra valued
metric spaces, b-metric spaces, S-metric space etc. In 2011, Dhompongsa et al. [6] studied some fixed point properties of C*-
algebras.

Many fixed point theorems on various mappings are also studied in C*-algebra. Das et al., in [15], studied common fixed
point results in C*-algebra valued modular metric spaces. In 2023, Rezaei Aderyani et al. [13] worked on C*-algebra and fixed
ponit. In [16], Sarma et al. introduced the extended (k-, k,)-centralizer f, on a C*-algebra A.

In this paper, we investigate the existence of fixed point for the extended left (k4, k,)-centralizer f defined on the C*-
algebra A by considering different conditions to the self mapping k., .

2 Preliminaries
Here are some basic definitions which are used in finding our results:

Definition 2.1 Let A be a C*-algebra. For two mappings k;:A — [0,%) and k,: A — A (where k,(e) = 0,(the zero
element of A), if A is unital with unit element e), an additive self mapping f on A is called an extended left(right) (kq, k,)-
centralizer if it satisfies

fxy) = f)y + k(O f (k2 (y) (F(xy) = xf(¥) + ki (W) f (k2(x))

for each x,y € A.

f is said to be an extended (k4, k,)-centralizer if it is both extended left and right (k4, k,)-centralizer, i.e.,

fxy) = f)y + k() f (k2 (y) = xf (¥) + ki (V) f (W)k2(x) for each x,y € A.

If k;(x) = ¢, Vx € A, we call f as an extended (c, k,)-centralizer.

Remark: The class of extended (k4, k,)-centralizers contains the class of centralizers for k; = 0 or k, = 0.

Definition 2.2 [1] Let K be a closed and convex subset of a Banach space A. A self mapping T on K is called weakly
contractive if, for each x,y € K,
ITx—-Tyl<llx—y Il -yl x—=y1)
where y: R, — R, is a continuous and non-decreasing such that v is positive on [0,%) and T(0) = 0,limt - +ow Y(t) =

Definition 2.3 Let C be a non-empty suset of a Banach space (X, II. I). Then the self mapping T: C — C is called the non-
expansive mapping if
ITx—-Tyl<lx—yIl,Vx,y €C.
T is said to be nonexpansive mapping with center 0 if || Tx lI<|l x || for all x € C.
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Definition 2.4 A self-mapping T on a normed space (X, II. 1) is said to be asymptotically regular at a point x in X if ||

T"x — T Dy |= 0 as n — oo, where T™x denotes the nt" iterate of T at x € X.

Definition 2.5 Let C be a non-empty suset of a Banach space (X, II.I) and let T: C — C be a self-mapping. Then T is said
to be asymptotically nonexpansive if
1iI_"I_1 sup [ T*x =Ty ISl x—=y |l forallx,y €C
n—-+oo

Remark Every nonexpansive mapping is asymptotically nonexpansive while the converse is not true .
Definition 2.6 Let C be a non-empty subset of real Banach space X and f a mapping from C to C. f is called mean non-
expansive if for each x,y € C,
I f)—fO)I<allx—yl+blx—f» I, a,b=0,a+b<1.

Remark Let (X, d) be a complete metric space and f be a self mapping on X.
1.(Kannan [10]) There exists a number k, 0 < k < % such that for each x,y € X,
d(f (), f) < kld(x, f(x)) +d(y, f()]-
2.(Bianchini [4]) There exists a number k, 0 < k < 1, such that for each x, y € X,

d(f(x), f(¥)) < kmax[d(x, f(x)), d(y, f (V)]
3.((Reich [12])) There exist non negative numbers a, b, c,suchthata + b + ¢ < 1, and for each x,y € X,

d(f(x), f(¥)) < ad(x, f(x)) +bd(y, f(¥)) + cd(x,y).

3 Main Results

Considering k, as a weak contraction mapping following fixed point theorem of f is found.
Theorem 3.1 For a unital C*-algebra A, let f::A - A be an extended (kq,k,)-centralizer which satisfies the
conditions :

Ll f(e) < % for some 4 > 2 and
2. l ki(e) I 1.
Let k,: A — A be a weak contraction mapping such that

I eo(x) = ko) IS x =y I =Tl x =y II)
where T: R, — R, is continuous and non-decreasing such that T(0) = 0. Then f has a fixed point.

Proof: For any elements x and y in the C*-algebra A,
I f(x) = F) 1= fe)x + ki(e)f(e)ka(x) — f(e)y — ki(e)f(e)k2(¥) |l
Sl fe) lllx—y Il +1 ke(e) Il f(e) Ml ka(x) — k() I

1

< i@~ ko) |

Slllx—yll+%{llx—yll “Tlx—y I}
2

1
=slx—yl—-TUx=yl)
Now we take x,.; = fx,. Then the above expression becomes
Il x40 — 25 1=l fxn _fxn—l I
2 1
S o lhxn =X g =T X5 = X1 1)

Sollxg —xpq |l

YV

Thus we can see that
I s = 2 1S 2 1t = 2y IS 2 M Xy = Xng 1S S )™ 2y — X0 |
Forn — oo, |l x,414 — x, lI= 0, which implies that {x,} is a Cauchy sequence.
As A is complete, hence {x,} converges to a number x in A.
Now,
X = fx I=1x = Xpiq + Xnpg — fX
SHx —xpeq I+ fx, — fx |l

2 1
SHX=Xpgg I +5 1 X —x | —ZT(II Xn—x 1)

Forn - oo, [x—fx IS0+ % 0-— %.T(O) = 0 which implies that fx = x i.e. f has a fixed point.

Example 3.2 We define a mapping f: R — R such that f(x) = E and k;: R - [0,0) where k;(x) =0and k,:R - R
such that k,(x) = z Then f is an extended (k4, k,)-centralizer. Taking 2 = 3 we have || f(1) ll= i < % and Il k;(1) I=0 < 1.
Also, |l ky(x) — k,(y) 1=l g—% < % lx—yl=lx=yl —§ lx=yl=lx—y Il =Tl x—yll) where T:R, - R, such
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that T(x) = % is continuous and non-decreasing such that T(0) = 0 which shows that k, is weak- contraction mapping. So all the

conditions of Theorem 3.1 are satisfied and hence f has a fixed point.
In the following result, the asymptotic regularity property of f is used to get a fixed point on A.

Theorem 3.3: For a unital C*-algebra , let f: A — A be an extended (k, k,)-centralizer such that || k, [< 1 and 0 €
Ker f.lfa=|l f(e) I<1and b =l k;(e) lI< i — 1, then f has a unique fixed point in A.
Proof. For any elements x and y in the C*-algebra, it is clear that
I fC) = f) =1l f(ex) — f(ey)
ShfEllx—=y I+l ki(e) Il kx(x) = k(v) ] (1)
Applying the given conditions it is found that (3.1) is equal to
lf)—fI<alllx =yl +b 1l ky(x) — k() Il]
<alllx I+ y I +b(ll ko IlEx T+ ko Ny D]
alf(lx It +0y D) +b 0k I CLx Il +1y D]
a(1+b)(x 1l +lly D)
cCllx Il +1y 1),
where ¢ = a(1+ b) < 1since b <§— 1.
Now, f(0)=0,Soll f(x) = f(O) NI<clxllie,ll f(x)NI<cll x|l andhence, | f(x) IS c™ |l x|l formeN
Since ¢ < 1, so, it can be shown that f is asymptotically regular at every point x of A.
Now, proceeding as the Theorem 2.5 of [7] we conclude that f has a unique fixed point in A.

A

A 1l

Example 3.4: Let f:11 — ' be the extended (k,,k,)-centralizer defined by f({xy,x,,...}) = {2,%2,0,0...}. Also

3’3’
kq: 11 > [0,00) and k,:I* — It be such that k;({x;,x,,...}) = i and k,({xq,%5,...}) = {0,0,0,0..}. Clearly | k, < 1 and 0 €
Kerf. Also, a =l f({1,1,...}) lI=Il {g,g,o,o,..} lI= |§| + |§| +0+0+...= § <1and b=llk;({1,1,...}) I=; <> —1. So,
all the conditions of the Theorem 3.2 are satisfied. Hence, f has a unique fixed point in I, which is {0,0,....} here.

Considering the k, mapping as a nonexpansive mapping, the following result is established.
Theorem 3.5: For a unital C*-algebra A, let f: A - A be an extended (kq, k,)-centralizer which satisfies the
conditions:
1. 0eKerfandll f(e) I A€ (0,1], ki(e) =1,
2. k,:— is nonexpansive,

3. forsome p < % I f() = fFD I pdl f(x) = f(@k () I +1 f(¥) = f(@)ko(x) ), forallx,y €A
Then f has a unique fixed point in A.

Proof. For any elements x and y in the C*-algebra A,
I ) = f) IS pdl f(x) = f(@k () 1T 11 f(¥) = f(e)k2(x) 1)
=p(l f(e)x + ki(e)f(e)k,(x) — f(e)k2(¥) Il +Il f(e)y + ki(e)f(e)k2(¥) — f(e)ka(x) II)
After applying condition (i) the above expression becomes
IfC) = fO) IS pUl f(e)(x + k2 (x) = k(D)) T+ f(@)(y + k2 (¥) = k2(x)) 1),
Splife) x4+ k() =k )l +Hlly + ky(y) — ky(x) 1)
S pAUl x + k() — ko (v) | 11y + ka(y) — ko (x) ) bycondition(i)
SpAlxl+lx—yll+lyll+ly—=xI), bycondition(ii)
SpAlxl+lxl+lyl+lyl+lyl+01xI)
=3pAlxI+lyl)
=c(ll x|l +1l y II), wherec =3pA <1, since p < i
Here it is observed that the last expression is similar as in Theorem 3.2. So proceeding as in that manner it is found that f has a
unique fixed point in A.
Remark: The conditions (ii) and (iii) of the above result can be replaced by the following:
) —fO) I f(x) = f(@)k, () | +1l f(¥) — f(edk,(y) | forall x,y € A.
[By the above condition,] for x,y € A,
I fC) = fFO) I F(x) = f(@)k(x0) Il +1 f(¥) = f(e)k () I
=l f(e)x + ki(e)f(e)k2(x) — f(e)k2(x) Il +1l f(€)y + ki(e)f(e)k2(y) — f(e)k2(¥) I
=l f(e)x + f(e)k,(x) = f(e)k2(x) Il +1 f(e)y + f(e)k2(y) — f(e)k2(¥) Il (sincek,(e) = 1)
Shfe)drxit+lyID
<Al x I +1 y 1), where 2 < 1.
Now, as in Theorem 3.2, f has a unique fixed point in A.

In a similar way, the following result is obtained.

Theorem 3.6: For a unital C*-algebra A, let f: A — A be an extended (k4, k,)-centralizer satisfying the conditions:
1. 0OeKerfandll f(e) I< A€ (0,1],
2. ky(e)=1and Il k, lI< 1,

BMfE)=fM I fx)=fexll+I f(y) — f(e)y Il forall x,y € A.
Then f has a unique fixed point in A .
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In the following Theorem, asymptotically regular property is used and k,, is considered as mean nonexpansive mapping.
Theorem 3.7: Let f be an extended (kq, k;)-centralizer on a unital C*-algebra A and k,:A - A be a mean

nonexpansive mapping i.e.

I k() — k) ISallx—yl+bllx—k,(¥) l,a+b<1ab=0.
If f satisfies the conditions: i) Il k;(e) I= 1, and ii) Il f(e) lI< %,/1 > 2,k,(0) = 0, then f has a fixed point.
Proof: For any elements x and y in the C*-algebra,
I f() = fF) I=1l f(e)x + ki(e)f(e)ka(x) — f(e)y — ki(e)f (e)k2(¥) I
I fle) Mx—=yIl +1 ke(e) Il £(e) Il kp(x) — ka(¥) 1l
<TIx =y I +5 1k (x) = ko () |

%le—yll +2{allx =y I +b I x — k() I}
=EDNx =yl +31x k() I
< (“—“)(u 2+ 1)+ 2 (0 x 1+ k() 1)
(“‘””) Il +ED) Ny I +3 1 k() 1.
Forx = 0,f(0) = f(e). 0 + kl(e)f(e)kz(O) = Oas by assumption k,(0) = 0.
Therefore,
I fQx) = f(O) I< (F52) 1x 0l +0
(1+a+b) ”
=c || x Il, where $=c<1

>l fxliSclx|
>0 M lISc™ x|l
Now for m in N,
I f™* = M =N F(F™x) = FUF™ ) |l
<l Ml +ED 1™l +3 1k (Fm 10 |

<cc™lxll +(1+a)cm Tl +— I ko™l x 1)

=c™ x| +(1+a)cm Bl +; Iy (c™  x 1) 2
As ¢ <1 and k,(0) = 0, if m — o then the equation (1) will reduced to 0, which implies that f is asymptotically regular at
every point x in A.
Now, proceeding as Theorem 2.5 of [7] it can be shown that f has a unique fixed point.
The following result is based on asymptotically non-expansive mapping.
Theorem 3.8: For a unital C*-algebra A, let f: A — A be an extended (k;, k,)-centralizer which satisfies the conditions

L1If(e)l<1,and
2. l ki(e) I< —for some natural number m and A > 1 and k,(0) = 0.
If fis asymptotlcally non-expansive then f has a fixed point.
Proof: For any elements x and y in the C*-algebra A,
I f(x) = f) I=1 f(e)x + ki(e)f(e)k,(x) — f(e)y — ki(e)f (e)k(¥) |l
<Il f(e) Il x = y I+ Ey(e) I Fe) M ka(x) — ka(p) I
< x =y 4257 Wz (x) = ko () |
For natural number m,
™) = M) =1 FE™ 1) — FE™ TN
< ™00 = F7 1) 27 (P71 (0) = ke (P71 00) |
I 200 = 72 O) 1+ 2 k(P72 (0) = ko (F72(0)) I +

= N (F™1(0) = ko (F™ 1) |

<=y 1+ 2 ka0 = ko) 1l ot o ko (P2 00) = ka (P2 ) 1+ I Ry (F 1 (0)) =
k(Fmt o)) |

Ifm- oothenlim -0,
which leads to lim sup,,_. II f™(x) — f™(y) lI<ll x — y |l, showing that f is asymptotically non-expansive mapping.
Also, if f is asymptotically non-expansive mapping with center 0, then by the Theorem 3.2 of [2] f has a fixed point 0.

In the next part, various well established results are used to find fixed point for the the extended centralizer f on a C*-
algebra A. Banach contraction principle is used in the following theorem to obtained a fixed point.
Theorem 3.9: For a unital C*-algebra A, let f: A — A be an extended (k;, k,)-centralizer which satisfies the conditions

Llfle)l=s % for some 2 > 1 and

2. |l ky(e) I< A — 1, e being the unit element of .
If k,: A — A is nonexpansive then f has a unique fixed point in A.
Proof: For any elements x and y in the C*-algebra,

IfC) = fFO) I=1 f(ex) = f(ey) |l
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=l f(e)x + ki(e)f(e)ka(x) — f(e)y — ki(e)f(e)k(¥) |l
ShfCe) lllx—y Il +Iki(e) Ml f(e) Ml ka(x) — k() I
<lhfEMx—yll +Ilk(e)l f(e) lll x—yll, (k,being nonexpansive)

Applying the given condition we get

If(x)—f) I %(ll x—y Il +lki(ellx—ylI)
I IACHIERSE|
=pllx—yl, where p= %(1+II ki(e)Ih) <1
Thus, f is a contraction on the C*-algebra , and hence by Banach’s contraction principle, f has a unique fixed point in A.

The following result is based on Kannan condition for fixed point Theorem (refer to [10]).

Theorem 3.10: On the unital C*-algebra A, let f be an extended (k,, k,)-centralizer satisfying:
1£G) = FOI IS (W52 GO 1+ 2o () 1) forall x,7 €,

1

and for some p = 3q,q € Z*. Then f has a unique fixed point if f(e) = 1 and k,(e) = .
Proof: For any elements x and y in the C*-algebra A,

I F(x) = Fy) 1< (I %kz(x) I+l ikz(y) )

=30x+ 2@ —x I +1y + k) =y 1)
=3 (1 f(@x + 2 f@k(0) = x I 41l f(@y + - (k2 () =y )
=20 f@—-xN+IfG) -y

3
Thus, f satisfies the Kannan condition. So, by [10], f has a unique fixed point in A.

Theorem 3.11: Let f: A — A be an extended (k,, k,)-centralizer satisfying the condition:
I £G) = FO) IS max(ll >k () 1,1~ ko () 1) for all x, y € A

and for some p = 3q,q € Z*. Then f has a unique fixed point if f(e) = 1 and k,(e) =

Proof: Similar as in Theorem 4.8.(Bianchini [4]).

1
7

The following result is based on Reich type contraction condition.

Theorem 3.12: Let f be an extended (k, k,)-centralizer on a unital C*-algebra A. If f satisfies the conditions:
1fG) = FOI IS (= 3k () = (=l I, 4> 3,4> 0
then f has a unique fixed point if f(e) = 1,k.(e) = %
Proof. For any elements x and y in the C*-algebra ,
IFO) = FOI IS Il (2 =5 ko () = O = s ko) I
=@ —x=7k@+0) - -y =7k +y) |
= i Il (x = f(e)x — ki(e)f(e)kz(x) +x) — (v — f(e)y — ki(e)f(e)k(y) + ¥) |l

1

=21 x-—f)+x)—@-fOM+I

= 1= fE)-0-fON+E-nI
SThx=fEO I+ Iy =fO) I+ Ix=yl.
Also, é + i +$ < 1. So, it satisfies Reich type contraction condition and hence f has a unique fixed point.

Conclusion: Considering different conditions for the mapping k, and using some well known results of
fixed point theory, various fixed point theorems for extended (kq, k,)-centralizer f on C*-algebras have
been established. The applications of the results obtained in different aspects are a scope for further
research. Moreover, extension of the results to the tensor product of €*-algebras can be investigated in
future.
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