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Abstract : Making use of Bailey's transformation and certain known summations of truncated series, an attempt has been 

made to establish transformation formulae involving polybasic hypergeometric series. We offer an overview of some of the 

main findings from the hypergeometric sequence theories and integrals associated with root systems. In particular, for such 

multiple series and integrals, we list a number of summations, transformations and explicit evaluations. Interesting 

transformation formulas for poly - basic hypergeometric using some known summation formulae and the identity defined 

herein. In particular, for such multiple series and integrals, we list a number of summations, transformations and explicit 

evaluations. Interesting transformation formulas for poly - basic hypergeometric sequence have been constructed using 

some known summation formulae and the identity set out herein. 
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Introduction 

The hypergeometric function and its generalizations, summation theorems and transformation formulae have been presented in 

many textbooks. Mathematicians working in the area of ordinary and basic hypergeometric series were interested for transformation 

formulae among various generalised hypergeometric functions and they succeeded in their goal. The celebrated Bailey [1] transform 

was extensively used to obtain transformation formulae of ordinary hypergeometric series and basic hypergeometric series with 

help of known summation formulae. 

In view of the importance and usefulness of the generating relations, we have extended the idea of generating relations for obtaining 

transformation formulae of ordinary hypergeometric series. The transformation formulae of hypergeometric series play a pivotal 

role in the investigation of various useful properties and can also be used as a new platform for further study.[2] 

In 1944, Bailey [3] established a powerful series identity which was later known as Bailey’s lemma. The Bailey’s lemma states 

that, if 

 

𝛽𝑛 = ∑𝛼𝑟 𝑢𝑛−𝑟 𝑢𝑛+𝑟

𝑛

𝑟=0

 

And 

𝛾𝑛 = ∑ 𝛿𝑟 𝑢𝑟−𝑛 𝑢𝑛+𝑟

∞

𝑟=𝑛

      (1.1) 

 

then, under the suitable convergence conditions and if change in the order of 

summations is allowable [4] 

∑ 𝛼𝑟 𝛾𝑛

∞

𝑛=0

= ∑ 𝛽𝑛 𝛿𝑛

∞

𝑛=0

 

where αr, δr, ur and υr are functions of r, such that γn exists. The proof of the 

lemma is trivial [5] 

The following notations and definitions shall be used throughout this paper For ‘a’ real or complex and ‘n’ be a positive integer, 

we define [6] 

(𝑎)0 = 1 

(𝑎)𝑛 = 𝑎(𝑎 + 1)(𝑎 + 2) … (𝑎 + 𝑛 − 1),       𝑛 = 1,2,3, …. 
 

If ‘a’ is a negative integer -m , then 

(𝑎)𝑛 = (−𝑚)𝑛     𝑖𝑓 𝑚 ≥ 𝑛 

(𝑎)0 = 0     𝑖𝑓 𝑚 < 𝑛 
 

Now, we define a generalized hypergeometric function, 

𝑟𝐹𝑠 [
𝑎1, 𝑎2, … , 𝑎𝑟;
𝑏1, 𝑏2, … , 𝑏𝑠;

 𝑧] = 𝑟𝐹𝑠 [
(𝑎𝑟);
(𝑏𝑠);

 𝑧] = ∑
(𝑎1)𝑛(𝑎2)𝑛 … (𝑎𝑟)𝑛 𝑧𝑛

(𝑏1)𝑛(𝑏2)𝑛 … (𝑏𝑠)𝑛 (1)𝑛

∞

𝑛=0

= ∑
((𝑎𝑟))𝑛 𝑧𝑛

((𝑏𝑠))𝑛 (1)𝑛

∞

𝑛=0

                      (1) 

Where there are always r of a parameters and s of the b parameters. The meaning of (a) and (b) are sequences of parameters 

a1,a2,a3.......ar and b1,b2,b3....bs respectively.[7] 

The series (1) is convergent if 
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i) 𝑅𝑙[∑ 𝑏𝑣
𝑠
𝑣=1 − ∑ 𝑎𝑣

𝑟
𝑣=1 ] > 0    𝑤ℎ𝑒𝑛 𝑧 = 1 

ii) 𝑅𝑙[∑ 𝑏𝑣
𝑠
𝑣=1 − ∑ 𝑎𝑣

𝑟
𝑣=1 ] > −1    𝑤ℎ𝑒𝑛 𝑧 = −1 

iii) 𝑟 = 𝑠 + 1                                     𝑤ℎ𝑒𝑛 |𝑧| < 1 

iv) 𝑟 > 𝑠 + 1                                     𝑤ℎ𝑒𝑛 𝑧 = 0 

A Basic Hypergeometric Series is defined as 

𝑟Φ𝑠 [
𝑎1, 𝑎2, … , 𝑎𝑟;
𝑏1, 𝑏2, … , 𝑏𝑠;

 𝑞; 𝑧] = ∑
(𝑎1; 𝑞)𝑛(𝑎2; 𝑞)𝑛 …(𝑎𝑟; 𝑞)𝑛

(𝑞; 𝑞)𝑛(𝑏1; 𝑞)𝑛(𝑏2; 𝑞)𝑛 … (𝑏𝑠; 𝑞)𝑛

∞

𝑛=0

[(−1)𝑛𝑞
𝑛(𝑛−1)

2 ]
1+𝑠−𝑟

𝑧𝑛 

For 0 < |q| < 1, the series converges absolutely for all z if r ≤ s and for |z| < 1 if r = s + 1 

This series also converges absolutely if |q| > 1 and |z| < |b1b2...bs|/|a1a2...ar|. 

We define the Poly-Basic Hypergeometric Series as[8] 

Φ[
𝑎1, 𝑎2, … , 𝑎𝑟 : 𝑐1,1, … , 𝑐1,𝑟1 ; … ; 𝑐𝑚,1; … , 𝑐𝑚,𝑟𝑚

𝑏1, 𝑏2, … , 𝑏𝑠 : 𝑑1,1, … , 𝑑1,𝑠1 ; … ; 𝑑𝑚,1; … , 𝑑𝑚,𝑠𝑚

       ; 𝑞, 𝑞1𝑞2 … 𝑞𝑚] = ∑
(𝑎1, 𝑎2, … , 𝑎𝑟; 𝑞)𝑡

(𝑞, 𝑏1, 𝑏2, … , 𝑏𝑠; 𝑞)𝑡

𝑧𝑡

𝑛−1

𝑡=0

∏
(𝑐𝑗,1 …𝑐𝑗,𝑟𝑗

; 𝑞𝑗)𝑡

(𝑑𝑗,1 … 𝑑𝑗,𝑠𝑗
; 𝑞𝑗)𝑡

𝑚

𝑗=1

 

which converges for max (|q|, |q1|, ..., |qm|) < 1 

We shall also require the following known results in our work 

2Φ1 [
𝑎,   𝑡,   𝑞;   𝑞

𝑎𝑦𝑞 ]
𝑛

=
(𝑎𝑞, 𝑦𝑞; 𝑞)𝑛

(𝑞, 𝑎𝑦𝑞; 𝑞)𝑛

 

4Φ3 [
𝛼,      𝑞√𝛼, −𝑞√𝛼,   𝑒;   𝑞; 1 ∕ 𝑒

√𝑎, −√𝛼,       𝛼𝑞 ∕ 𝑒
]
𝑛

=
(𝛼𝑞, 𝑒𝑞; 𝑞)𝑛

(𝑞, 𝛼𝑞 ∕ 𝑒; 𝑞)𝑛𝑒𝑛
 

6Φ5 [
𝛼,      𝑞√𝛼, −𝑞√𝛼,   𝛽, 𝛾, 𝛿;   𝑞;   𝑞

√𝑎, −√𝛼,      𝛼𝑞 𝛽⁄ , 𝛼𝑞 𝛾⁄ ,   𝛼𝑞 ∕ 𝛿
]
𝑛

=
(𝛼𝑞, 𝛽𝑞, 𝛾𝑞, 𝛿𝑞; 𝑞)𝑛

(𝑞, 𝛼𝑞 𝛽⁄ , 𝛼𝑞 𝛾⁄ , 𝛼𝑞 ∕ 𝛿; 𝑞)𝑛

 

where α = βγδ 

∑
(1 − 𝛼𝑝𝑖𝑞𝑖)(𝛼; 𝑝)𝑖(𝛽; 𝑞)𝑖𝛽

−𝑖

(1 − 𝛼)(𝑞; 𝑞)𝑖(𝛼𝑝 ∕ 𝛽; 𝑝)𝑖

𝑛

𝑖=0

=
(𝛼𝑝; 𝑝)𝑛(𝛽𝑞; 𝑞)𝑛𝛽−𝑛

(𝑞; 𝑞)𝑛(𝛼𝑝 ∕ 𝛽; 𝑝)𝑖

 

∑
(1 − 𝛼𝑝𝑖𝑞𝑖)(1 − 𝛽𝑝𝑖𝑞−𝑖)(𝛼; 𝑝)𝑖(𝛽; 𝑝)𝑖(𝛾; 𝑞)𝑖(𝛼 ∕ 𝛽𝛾; 𝑞)𝑖𝑞

𝑖

(1 − 𝛼)(1 − 𝛽)(𝑞; 𝑞)𝑖(𝛼𝑞 ∕ 𝛽; 𝑞)𝑖(𝛼𝑝 ∕ 𝛾; 𝑝)𝑖(𝛽𝛾𝑝; 𝑝)𝑖

𝑛

𝑖=0

=
(𝛼𝑝, 𝛽𝑝; 𝑝)𝑛(𝛾𝑞; 𝑞)𝑛(𝛼𝑞 ∕ 𝛽𝛾; 𝑞)𝑛

(𝑞, 𝛼𝑞 ∕ 𝛽; 𝑞)𝑛(𝛼𝑝 ∕ 𝛾; 𝑝)𝑛(𝛽𝛾𝑝; 𝑝)𝑛

 

∑
(1 − 𝛼𝛿𝑝𝑟𝑞𝑟)(1 − 𝛽𝑝𝑟 ∕ 𝛿𝑞𝑟)(𝛼, 𝛽; 𝑝)𝑟(𝛾, 𝛼𝛿2 ∕ 𝛽𝛾; 𝑞)𝑟

(1 − 𝛼𝛿)(1 − 𝛽 ∕ 𝛿)(𝛿𝑞, 𝛼𝛿𝑞 ∕ 𝛽; 𝑞)𝑟(𝛼𝛿𝑝 𝛾⁄ , 𝛽𝛾𝑝 ∕ 𝛿; 𝑝)𝑟

𝑛

𝑟=0

 𝑞𝑟 

(1 − 𝛼)(1 − 𝛽)(1 − 𝛾)(1 − 𝛼𝛿2 ∕ 𝛽𝛾)

𝛿(1 − 𝛼𝛿)(1 − 𝛽 ∕ 𝛿)(1 − 𝛾 ∕ 𝛿)(1 − 𝛼𝛿 ∕ 𝛽𝛾)
 

× (
(𝛼𝑝, 𝛽𝑝; 𝑝)𝑛(𝛾𝑞, 𝛼𝛿2𝑞 𝛽𝛾⁄ ; 𝑞)𝑛

(𝛿𝑞, 𝛼𝛿𝑞 𝛽⁄ ; 𝑞)𝑛(𝛼𝛿𝑝 ∕ 𝑦, 𝛽𝛾𝑝 𝛿⁄ ; 𝑝)𝑛

−
(𝛾 ∕ 𝛼𝛿, 𝛿 𝛽𝛾⁄ ; 𝑝)1(1 ∕ 𝛿, 𝛽 𝛼𝛿⁄ ; 𝑞)1

(1 ∕ 𝛾, 𝛽𝛾 𝛼𝛿2⁄ ; 𝑞)1(1 ∕ 𝛼, 1 𝛽⁄ ; 𝑝)1
) 

Research Methodology 

Research Methodology refers the discussion regarding the specific methods chosen and used in a research paper. This discussion 

also encompasses the theoretical concepts that further provide information about the methods selection and application. The current 

study is descriptive in nature and is based on secondary data gathered from a variety of sources, including books , education, and 

development, journals, scholarly articles, government publications, and printed and online reference materials. 

Result and Discussion 

In this section we have established the following main results[9-13] 

Φ [
𝛼𝑞, 𝛽𝑞: 𝑎, 𝑦;
𝛼𝛽𝑞: 𝑝, 𝑎𝑦𝑝;

 𝑞. 𝑝; 𝑝] =
[𝑎𝑝, 𝑦𝑝; 𝑝]∞  [𝛼𝑞, 𝛽𝑞; 𝑞]∞
[𝑝, 𝑎𝑦𝑝; 𝑝]∞  [𝑞, 𝛼𝛽𝑞; 𝑞]∞

 −
𝑞(1 − 𝛼)(1 − 𝛽)

(1 − 𝑞)(1 − 𝛼𝛽𝑞)
 Φ [

𝑎𝑝, 𝑦𝑝: 𝛼𝑞, 𝛽𝑞;

𝑎𝑦𝑝: 𝑞2, 𝛼𝛽𝑞2;
𝑝, 𝑞; 𝑞],            (1.2) 

Φ[

𝛼𝑞, 𝑒𝑞: 𝑎, 𝑦;
𝛼𝑞

𝑒
: 𝑝, 𝑎𝑦𝑝; 𝑞. 𝑝;

𝑝

𝑒
] =

(1 − 𝛼𝑞2)(1 − 𝑒)

𝑒(1 − 𝑞)(1 − 𝛼𝑞 ∕ 𝑒)
× Φ [

𝑎𝑝, 𝑦𝑝: 𝛼𝑞, 𝑞2√𝛼,−𝑞2√𝛼, 𝑒𝑞;

𝑎𝑦𝑝: 𝑞2𝑞√𝛼,−𝑞√𝛼,
𝛼𝑞2

𝑒
;

𝑝, 𝑞;
1

𝑒
] , 

Φ[

𝛼𝑞, 𝛽𝑞: 𝛾𝑞, 𝛿𝑞: 𝑎, 𝑦;
𝛼𝑞

𝛽
,
𝛼𝑞

𝛾
,
𝛼𝑞

𝛿
: 𝑝, 𝑎𝑦𝑝;

 𝑞. 𝑝; 𝑝] 

(1.3) 

=
[𝑎𝑝, 𝑦𝑝; 𝑝]∞  [𝛼𝑞, 𝛽𝑞, 𝛾𝑞, 𝛿𝑞; 𝑞]∞

[𝑝, 𝑎𝑦𝑝; 𝑝]∞  [𝑞, 𝛼𝑞 𝛽⁄ , 𝛾, 𝛼𝑞 𝛿⁄ ; 𝑞]∞
−

𝑞(1 − 𝑞2𝛼)(1 − 𝛽)(1 − 𝛾)(1 − 𝛿)𝑞

(1 − 𝑞)(1 − 𝛼𝑞 𝛽⁄ )(1 − 𝛼𝑞 𝛾⁄ )(1 − 𝛼𝑞 𝛿⁄ )

× Φ [

𝑎𝑝, 𝑦𝑝: 𝛼𝑞, 𝑞2√𝛼,−𝑞2√𝛼, 𝛽𝑞, 𝛾𝑞, 𝛿𝑞;

𝑎𝑦𝑝: 𝑞2𝑞√𝛼,−𝑞√𝛼,
𝛼𝑞2

𝛽
,
𝛼𝑞2

𝛾
,
𝛼𝑞2

𝛿
;
𝑝, 𝑞; 𝑞], 

Φ[

𝑥, 𝑦: 𝑎𝑝: 𝑐𝑝;

𝑥𝑦𝑃:
𝛼𝑝

𝑐
: 𝑞; 𝑃, 𝑝, 𝑞;

𝑝

𝑐
] =

(1 − 𝑎𝑝𝑞)(1 − 𝑐)

(1 − 𝑞)(1 − 𝑎𝑝 𝑐⁄ )𝑐
× Φ [

𝑥𝑃, 𝑦𝑃: 𝑎𝑝: 𝑐𝑞: 𝑎𝑝2𝑞2;

𝑥𝑦𝑃:
𝑎𝑝2

𝑐
: 𝑞2: 𝑎𝑝𝑞;

 𝑃, 𝑝, 𝑞, 𝑝𝑞;
1

𝑐
], 
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Φ[
𝑥, 𝑦: 𝑎𝑝: 𝑏𝑞: 𝑐𝑞,

𝑎𝑞

𝑏𝑐
;

𝑥𝑦𝑃:
𝑎𝑝

𝑐
: 𝑏𝑐𝑝: 𝑞,

𝑎𝑞

𝑏
;
 𝑃, 𝑝, 𝑞, 𝑃] 

(1.4) 

=
[𝑥𝑃, 𝑦𝑃; 𝑃]∞  [𝑎𝑝, 𝑏𝑝; 𝑝]∞[𝑐𝑞, 𝑎𝑞 ∕ 𝑏𝑐; 𝑞]∞

[𝑃, 𝑥𝑦𝑃; 𝑃]∞  [𝑞, 𝑎𝑞 𝑏⁄ ; 𝑞]∞[𝑎𝑝 ∕ 𝑐, 𝑏𝑐𝑝; 𝑝]∞
−

(1 − 𝑎𝑝𝑞)(1 − 𝑏𝑝 𝑞⁄ )(1 − 𝑐)(1 − 𝑎 𝑏𝑐⁄ )

(1 − 𝑞)(1 − 𝑎𝑞 𝑏⁄ )(1 − 𝑎𝑝 𝑐⁄ )(1 − 𝑏𝑐𝑝)

× Φ

[
 
 
 
 𝑥𝑃, 𝑦𝑃: 𝑎𝑝2𝑞2:

𝑏𝑝2

𝑞2
: 𝑎𝑝, 𝑏𝑝: 𝑐𝑞,

𝑎𝑞

𝑏𝑐
;

𝑥𝑦𝑃: 𝑎𝑝𝑞:
𝑏𝑝

𝑞
:
𝑎𝑝2

𝑐
, 𝑏𝑐𝑝2: 𝑞2,

𝑎𝑞2

𝑏
;

 𝑃, 𝑝𝑞,
𝑝

𝑞
, 𝑝, 𝑞: 𝑞

]
 
 
 
 

, 

Φ

[
 
 
 𝑥, 𝑦: 𝑎𝑝: 𝑏𝑝: 𝑐𝑞,

𝑎𝑑2𝑞

𝑏𝑐
;

𝑥𝑦𝑃:
𝑎𝑑𝑝

𝑐
:
𝑏𝑐𝑝

𝑑
: 𝑑𝑞,

𝑎𝑑𝑞

𝑏
;

 𝑃, 𝑝, 𝑞, 𝑃

]
 
 
 
 

(1.5) 

=
[𝑥𝑃, 𝑦𝑃; 𝑃]∞  [𝑎𝑝, 𝑏𝑝; 𝑝]∞[𝑐𝑞, 𝑎𝑑2𝑞 ∕ 𝑏𝑐; 𝑞]∞

[𝑃, 𝑥𝑦𝑃; 𝑃]∞  [𝑑𝑞, 𝑎𝑑𝑞 𝑏⁄ ; 𝑞]∞[𝑎𝑑𝑝 ∕ 𝑐, 𝑏𝑐𝑝 ∕ 𝑑; 𝑝]∞
 −

𝑑𝑞(1 − 𝑎𝑑𝑝𝑞)(1 − 𝑏𝑝 𝑑𝑞⁄ )(1 − 𝑐 𝑑⁄ )(1 − 𝑎𝑑 𝑏𝑐⁄ )

(1 − 𝑑𝑞)(1 − 𝑎𝑑𝑞 𝑏⁄ )(1 − 𝑎𝑑𝑝 𝑐⁄ )(1 − 𝑏𝑐𝑝 𝑑⁄ )
 

× Φ

[
 
 
 
 𝑥𝑃, 𝑦𝑃: 𝑎𝑑𝑝2𝑞2:

𝑏𝑝2

𝑑𝑞2
: 𝑎𝑝, 𝑏𝑝: 𝑐𝑞,

𝑎𝑑2𝑞

𝑏𝑐
;

𝑥𝑦𝑃: 𝑎𝑑𝑝𝑞:
𝑏𝑝

𝑑𝑞
:
𝑎𝑑𝑝2

𝑐
,
𝑏𝑐𝑝2

𝑑
: 𝑑𝑞2,

𝑎𝑑𝑞2

𝑏
;

 𝑃, 𝑝𝑞,
𝑝

𝑞
, 𝑝, 𝑞: 𝑞

]
 
 
 
 

 

(1.6) 

=
[𝑥𝑃, 𝑦𝑃; 𝑃]∞  [𝑎𝑝, 𝑏𝑝; 𝑝]∞[𝑐𝑞, 𝑎𝑑2𝑞 ∕ 𝑏𝑐; 𝑞]∞

[𝑃, 𝑥𝑦𝑃; 𝑃]∞  [𝑑𝑞, 𝑎𝑑𝑞 𝑏⁄ ; 𝑞]∞[𝑎𝑑𝑝 ∕ 𝑐, 𝑏𝑐𝑝 ∕ 𝑑; 𝑝]∞
 

−
𝑑𝑞(1 − 𝑎𝑑𝑝𝑞)(1 − 𝑏𝑝 𝑑𝑞⁄ )(1 − 𝑐 𝑑⁄ )(1 − 𝑎𝑑 𝑏𝑐⁄ )

(1 − 𝑑𝑞)(1 − 𝑎𝑑𝑞 𝑏⁄ )(1 − 𝑎𝑑𝑝 𝑐⁄ )(1 − 𝑏𝑐𝑝 𝑑⁄ )
 

× Φ

[
 
 
 
 𝑥𝑃, 𝑦𝑃: 𝑎𝑑𝑝2𝑞2:

𝑏𝑝2

𝑑𝑞2
: 𝑎𝑝, 𝑏𝑝: 𝑐𝑞,

𝑎𝑑2𝑞

𝑏𝑐
;

𝑥𝑦𝑃: 𝑎𝑑𝑝𝑞:
𝑏𝑝

𝑑𝑞
:
𝑎𝑑𝑝2

𝑐
,
𝑏𝑐𝑝2

𝑑
: 𝑑𝑞2,

𝑎𝑑𝑞2

𝑏
;

 𝑃, 𝑝𝑞,
𝑝

𝑞
, 𝑝, 𝑞: 𝑞

]
 
 
 
 

 

 

Proof of Main Results 

Taking ur=vr-1 in 1.1, Bailey’s transformation takes the following form [14] 

𝑖𝑓 𝛽𝑛 = ∑ 𝛼𝑟

𝑛

𝑟=0

, 

(1.7) 

𝛾𝑛 = ∑ 𝛿𝑟

∞

𝑟=0

 

(1.8) 

𝑡ℎ𝑒𝑛 ∑ 𝛼𝑛𝛾𝑛

∞

𝑛=0

= ∑ 𝛽𝑟𝛿𝑟

∞

𝑛=0

. 

(1.9) 

Proof of Result 1.2. 

Taking, 𝑎𝑟 = (𝛼, 𝛽; 𝑞)𝑟𝑞
𝑟 ∕ (𝑞, 𝛼𝛽𝑞; 𝑞)𝑟 and  respectively, and  𝛿𝑟 = (𝑎, 𝑦; 𝑞)𝑟𝑝

𝑟 ∕ (𝑝, 𝑎𝑦𝑝; 𝑝)𝑟 making use of 2.7, we get 

in 1.7 , 1.8 , respectively, we get 

𝛽𝑛 =
(𝛼𝑞, 𝛽𝑞; 𝑞)𝑛

(𝑞, 𝛼𝛽𝑞; 𝑞)𝑛

, 𝛾𝑛 =
(𝑎𝑝, 𝑦𝑝; 𝑝)∞

(𝑝, 𝑎𝑦𝑝; 𝑝)∞

−
(1 − 𝑎𝑦)(1 − 𝑝𝑛)(𝑎, 𝑦; 𝑝)𝑛

(1 − 𝑎)(1 − 𝑦)(𝑝, 𝑎𝑦; 𝑝)𝑛

 

Putting these values in 1,9, we get the following transformation 

Φ [
𝛼𝑞, 𝛽𝑞: 𝑎, 𝑦;
𝛼𝛽𝑞: 𝑝, 𝑎𝑦𝑝;

 𝑞, 𝑝; 𝑝] +
(1 − 𝑎𝑦)

(𝑎 − 1)(1 − 𝑦)
Φ [

𝛼, 𝛽: 𝑎, 𝑦;
𝛼𝛽𝑞: 𝑝, 𝑎𝑦;

 𝑞, 𝑝; 𝑞]

=
(𝑎𝑝, 𝑦𝑝; 𝑝)∞

(𝑝, 𝑎𝑦𝑝; 𝑝)∞

(𝛼𝑞, 𝛽𝑞; 𝑞)∞

(𝑞, 𝛼𝛽𝑞; 𝑞)∞

+
(1 − 𝑎𝑦)

(1 − 𝑎)(1 − 𝑦)
Φ [

𝛼, 𝛽: 𝑎, 𝑦;
𝛼𝛽𝑞: 𝑝, 𝑎𝑦;

 𝑞, 𝑝; 𝑝𝑞] 

which on simplification gives the result 1.2 

Proof of Result 1.3 

Taking 

𝛼𝑟 = (𝛼, 𝑞√𝛼,−𝑞√𝛼, 𝑒; 𝑞)
𝑟
∕ (𝑞, √𝛼,−√𝛼, 𝛼𝑞 𝑒⁄ ; 𝑞)𝑟𝑒

𝑟 
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And 𝛿𝑟 = (𝑎, 𝑦; 𝑝)𝑟𝑝
𝑟 ∕ (𝑝, 𝑎𝑦𝑝; 𝑝)𝑟    in 1.7,1.8 respectively, we get 

𝛽𝑛 =
(𝛼𝑞, 𝑒𝑞; 𝑞)𝑛

(𝑞, 𝛼𝑞 𝑒⁄ ; 𝑞)𝑛𝑒𝑛
, 𝛾𝑛 =

(𝑎𝑝, 𝑦𝑝; 𝑝)∞

(𝑝, 𝑎𝑦𝑝; 𝑝)∞

−
(1 − 𝑎𝑦)(1 − 𝑝𝑛)(𝑎, 𝑦; 𝑝)𝑛

(1 − 𝑎)(1 − 𝑦)(𝑝, 𝑎𝑦; 𝑝)𝑛

 

Substituting these values in 1.9, we get the following transformation for |e| > 1:[15] 

Φ[

𝛼𝑞, 𝑒𝑞: 𝑎, 𝑦;
𝛼𝑞

𝑒
: 𝑝, 𝑎𝑦𝑝; 𝑞, 𝑝;

𝑝

𝑒
] =

(1 − 𝑎𝑦)

(1 − 𝑎)(1 − 𝑒)
× Φ [

𝛼, 𝑞√𝛼,−𝑞√𝛼, 𝑒: 𝑎, 𝑦;

√𝛼,−√𝛼,
𝑎𝑞

𝑒
: 𝑝, 𝑎𝑦;

𝑞, 𝑝;
𝑝

𝑒
] 

−
(1 − 𝑎𝑦)

(1 − 𝑎)(1 − 𝑦)
Φ [

𝛼, 𝑞√𝛼,−𝑞√𝛼, 𝑒: 𝑎, 𝑦;

√𝛼,−√𝛼,
𝑎𝑞

𝑒
: 𝑝, 𝑎𝑦;

𝑞, 𝑝;
1

𝑒
] , 

Conclusion 

In the above section, we have demonstrated the power of Bailey lemma as a tool for discovering new transformations of basic 

hypergeometric series from the known summations and transformations. Some of the transformations in the previous section 

generalize the known transformation formulae. 
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