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1. Introduction 
Closed sets are basic objects in a topological space. In 1970, N.Levine [3] initiated the study of g-closed sets . By Definition, a 

subset S of a topological space X  is called generalized closed if UclA whenever UA  and U is open. Generalized 

closed sets also proffer new properties of topological spaces and mainly are separation axioms weaker than T1.In [1],Aull and 

Thron introduce several separation axioms between T 0 and  T
1

. 

            Furthermore,the study of generalized closed sets also provides new characterization of some known classes of 

spaces,for example the class of extremely disconnected spaces.Other new properties are Definitionined by variations of the 

property of submaximality.  

In Section 2 , we follow a similar line to introduce generalized ω- closed sets by utilizing the ω-closure operator. We study g-

closed sets and gω-closed sets in the spaces (X, τ) and (X, τω). In particular, we show that a subset A of a space (X, τ) is closed in 

(X, τω) if and only if it is g-closed in (X, τω) if and only if it is gω-closed in (X, τω). 

 

2. Preliminaries 

Throughout this paper ( X ,τ) denotes the topological space with no separation properties assumed.For a subset  A of X , the 

closure of A and interior of A are denoted by cl ( A ) and int ( A ) respectively. 

A subset A of a topological space X is called α-open [resp. semi-open, preopen, semi-preopen] if A  int(cl(int A )) 

[resp.  A  cl(int A ), A  int(cl A ), A  cl(int(cl A ))]. Moreover, A is said to be α-closed [resp. semi-closed, 

preclosed, semi-preclosed ] if AX /  is α-open [resp. semi-open, preopen, semi-preopen] or, equivalently, if cl(int(cl A ))   

A  [resp. int(cl A )  A ,  cl(int A )   A , int(cl(int A ))   A ].  

Let (X, τ) be a topological space and let A be a subset of X. The closure of A, the interior of A, and the relative topology on 

A will be denoted by )(Acl (A), int (A), and τA, respectively. The ω-interior (ω-closure) of a subset A of a space (X, τ) is the 

interior (closure) of A in the space (X, τω), and is denoted by 


int  (A) (


cl  (A)). 

Definition 2.1. A space (X, τ) is called 

(a) locally countable [4] if each point x ∈ X has a countable open neighborhood; 

(b) anti-locally countable [2] if each nonempty open set is uncountable; 

(c) T1/2-space [10] if every g-closed set is closed (equivalently if every singleton is open or closed, see [30]). 

Definition 2.2. A function f : ( X , τ) → (Y , σ) is called 

(a) g-continuous [5] if )(1 Vf 
 is g-closed in ( X , τ) for every closed set V of (Y  , σ); 

(b) g-irresolute [5] if )(1 Vf 
 is g-closed in ( X , τ) for every g-closed set V of (Y  , σ); 

(c) ω-continuous [11] if )(1 Vf 
 is ω-open in ( X , τ) for every open set V of (Y  , σ); 

(d) ω-irresolute [12] if )(1 Vf 
is ω-open in ( X , τ) for every ω-open set V of (Y  , σ); 
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(e) α-continuous [31] if )(1 Vf 
is α-set in ( X , τ) for every open set V of (Y  , σ). 

 

Lemma 2.3 .[4] Let A be a subset of a space (X, τ). Then, 

(a) (τω)ω = τω ; 

(b) (τA)ω =(τω)
A

. 

Definition 2.4. 

(1) generalized closed set (g-closed) [3] if UAcl )( whenever UA  and  U is open in X . 

(2) Semi generalized closed [6] if UAscl )(  whenever UA and U  is  Semi open in X . 

(3) generalized semi closed [8] if UAscl )(  whenever UA and U  is open in X . 

(4) generalized  -closed (g -closed)[7] if UAcl  )(  whenever  UA and U  is  -open in X .          

(5)  generalized closed ( g-closed) [9] if UAcl  )(  whenever UA  and U  is open in X . 

(6) generalized semi pre closed (gsp-closed)[13] if UAspcl )(  whenever  UA and U  is  open in X . 

(7) generalized pre closed (gp-closed)[14] if UApcl )(  whenever UA  and U  is  open in X . 

(8) regular semi-open[15] if there is a regular open set  U  such that
)(UclAU 

.   

(9) regular open set[16] if ))(int( AclA  . 

(10) regular closed set  if ))(int(AclA  . 

(11) t-set [17] iff
  

))(int()int( AclA 
. 

(12) regular generalized closed set (rg-closed)[18]if UAcl )(  whenever  UA and U  is regular open   in X . 

(13)generalized pre-regular closed (gpr-closed)[19] if UApcl )(  whenever UA and U  is regular open   in X . 

 (14) generalized semi-pre regular closed (gspr-closed)[20]if UAspcl )(  whenever  UA and U  is regular open   in X . 

(15) generalized star pre closed (g*p-closed)[21]if UApcl )(  whenever  UA and U  is g-open open   in X . 

(16) regular generalized  -closed( rg -closed)[22]if UAcl )(  whenever  UA and U  is regular  -open  in X . 

(17)generalized  -closed( g -closed)[23]if UAcl )(  whenever  UA and U  is  - open  in X . 

 (18) generalization of generalized closed set (gg-closed)[24]if UAgcl )(  whenever  and U  is regular semi open  in X . 

(19) A topological space X is said to be locally indiscrete if every open subset is closed. 

(20) R*-closed set [25] if UArcl )(  whenever UA and U  is regular semi open  in X . 

Definition  2.5. A space X  is said to be submaximal if every dense subset of X is open.A Space X  is  -sub maximality 

(resp. g-submaximal, sg-submaximal) if every dense subset is  -open (resp g-open,sg-open)[26].Obviously every 

submaximal space is g-submaximal[27],that if ( )(, XX  ) is g-submaximal,then ( )(, XX  ) is also sg-submaximal . 
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Remark 2.6. Every semi-preclosed set is sg-closed and every preclosed set is g -closed [28]. 

Definition 2.7. Let S be a subset of a space X .A resolution of S is a pair   <
21, EE > of disjoint dense subsets of S. The 

subset S is said to be resolvable if it possesses a resolution, otherwise S is said to be irresolvable. 

Definition 2.8. Let S ne a subset of a space X ,then S is called strongly irresolvable ,if every open subspace of S is 

irresolvable. 

Remark 2.9.If <
21, EE > is a resolution of S then 

1E  and 
2E  are condense in X .i.e. have empty interior. 

Lemma 2.10 Every space X has a unique decomposition GFX   where F is closed and resolvable and G is open 

and hereditarily irresolvable.This decomposition is called Hewitt decomposition of X .[29][26] 

Theorem 2.11. For a space X  with Hewitt decomposition GFX   .Then the following are equivalent.[32] 

(1) every semi-preclosed subset of is X is sg-closed set. 

(2) spclAsclAX 1 for each 1XA  

(3). )int(1 clGX   

(4) ZYX  ,where is locally indiscrete and Z is strongly  irresolvable. 

(5) every preclosed subset of X  is g -closed 

(6) X  is g-submaximal with respect to )(X . 

                                                          3.(gg)*-closed sets 

Definition 3.1. A subset A of a topological space ),( X is called generalization of generalized star closed sets (gg)*-closed if 

UArcl )( whenever UA and U is gg-open. 

Proposition 3.2.Every regular closed set is (gg)*-closed. 

Proof: Let A  be a regular closed set in X such that UA and U is gg-open.  

Then UArcl )( .Therefore A  is (gg)*-closed. 

Proposition 3.3. Every (gg)*-closed set is g-closed. 

Proof: Let A be a (gg)*-closed set in X .Let U  be an open set in X  such that UA Since every open set is gg-open[24] and 

since A is (gg)*-closed , UArcl )( .                 But we have UArclAcl  )()( Hence A is g-closed 

 
Proposition 3.4. Every (gg)*closed set is gsp-closed

 

Proof: Let A be a (gg)*-closed set in X .Let U be  a an open set in X  such that UA Since every open set is gg-open[24] 

and since A is (gg)*-closed , UArcl )( .                  But we have UArclAspcl  )()( Hence A is gsp-closed. 

Proposition 3.5. Every (gg)*closed set is gp-closed. 

Proof: Let A be a (gg)*-closed set in X .Let U be  an open set in X  such that UA Since every open set is gg-open[24] and 

since A is (gg)*-closed , UArcl )( .                  But we have UArclApcl  )()( Hence A is gp-closed. 

Proposition 3.6. Every (gg)*closed set is gs-closed. 

Proof : Let A be a (gg)*-closed set in X .Let U be an open set in X  such that UA Since every open set is gg-open[24] and 

since A is (gg)*-closed UArcl )( .                   But we have UArclAscl  )()( .Hence A is gs-closed. 
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Proposition 3.7. Every (gg)*closed set is g -closed. 

Proof: Let A be a (gg)*-closed set in X .Let U be an open set in X  such that UA  Since every open set is gg-open[24] and 

since A is (gg)*-closed UArcl )( .                   But we have UArclAcl  )()( .Hence A is g -closed. 

Proposition 3.8. Every (gg)*closed set is rg-closed.
 
 

Proof: Let A be a (gg)*-closed set in X .Let U be an open set in X  such that UA  Since every regular open set is gg-

open[24] and since A is (gg)*-closed , UArcl )( .       But we have UArclAcl  )()( .Hence A is rg-closed. 

Proposition 3.9. Every (gg)*closed set is gpr-closed. 

Proof: Let A be a (gg)*-closed set in X .Let U be an open set in X  such that UA  Since every regular open set is gg-

open[24] and  A is (gg)*-closed , UArcl )( .             But we have UArclApcl  )()( .                                                                                           

Hence A is gpr-closed. 

Proposition 3.10. Every (gg)*closed set is gspr-closed. 

Proof: Let A be a (gg)*-closed set in X .Let U be  a regular open set in X  such that UA .                                                                                                                              

Since every regular open set is gg-open[24] and since A is (gg)*-closed , UArcl )( .      But we have 

UArclAspcl  )()(
                                                                                        

Hence A is gspr-closed. 

Proposition 3.11. Every (gg)*closed set is g*p-closed. 

Proof: Let A be a (gg)*-closed set in X .Let U be  a regular open set in X  such that UA .                                                                                                                               

Since every g- open set is gg-open[24] and since A is (gg)*-closed , UArcl )(  But we have UArclApcl  )()(
                                                                                                 

Hence A is g*p-closed.
 

 Proposition 3.12. Every (gg)*closed set is g**-closed.  

Proof: Let A be a (gg)*-closed set in X .Let U be  a g*- open set in X  such that UA Since every g*- open set is gg-

open[24] and since A is (gg)*-closed , UArcl )( .                        But we have UArclAcl  )()(
.                                                                                                     

Hence A is g**-closed. 

                                            4.Generalized ω-closed sets 

Definition 4.1. A subset A of a space ( X , τ) is called generalized ω-closed (briefly, gω- closed) if UAcl )(


 whenever  

U  and UA  

We denote the family of all generalized ω-closed (generalized closed) subsets of a space ( X , τ) by )),()(,(  XGCXCG . 

It is clear that if (X, τ) is a countable space, then ),(  XCG P( )X , where P( X ) is the power set of X . 

Proposition 4.2. Every g-closed set is gω-closed. 

The proof follows immediately from the definitions and the fact that τω is finer than τ for any space ( X , τ). However, the converse 

is not true in general as the following example shows. 

Example 4.3. Let },,{ cbaX  with the topology }},{},{,,{ baaX   and let }{aA  . Then A ),(  XCG . But 

),( XGCA since  AA and XAcl )( A . 

Lemma 4.4. Let ( AA , ) be an anti-locally countable subspace of a space ( X , τ).                               Then )()( AclAcl   . 

Proof. We need to prove that )()( AclAcl
  . Suppose that there exists )()( AclAclx

  . Then )(Aclx  , 

and so there exists xW such that xWx  and  AWx   A is a nonempty countable open set in (A, τA)), which is a 

contradiction and the result follows.  

Corollary 4.5. Let ),( AA   be an anti-locally countable subspace of a space (X, τ). Then ),( XGCA if and only if 

),(  XCGA
.
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Theorem 4.6. Let ( X , τ) be any space and XA  . Then the following are equivalent. 

       1) A is ω-closed in ( X , τ) (equivalently A is closed in(, τω)). 

      2) ),( XGCA  

3) ),(  XCGA  

   1)Proof. (a)⇒(b). It follows from the fact that every closed set is g-closed. 

 (b)⇒(c). It is obvious by using Proposition 4.2. 

(c)⇒(a). We show that AAcl )(


. Suppose that Ax 0  Then }{ 0xXU   is an  - open set containing A. Since 

),(  XCGA  , UAclAcl  )()()(    , and thus )(0 Aclx


 . Therefore, AAcl )(


, that is, A  is closed in (

X , τ) 

In the same way, it can be shown that a subset A of a space  

( X , τ) is closed if and only if UAcl )( whenever U and UA . 

Proposition 4.7. If ),( XGCA , then ),(  XCGA but not conversely. 

Example 4.8. Let X R  be the set of all real numbers with the topology }}1{,,{ X  and put A  R - Q . Then A  is an  -

open subset of (X, τ) such that )(Acl


 R-{1} A (i.e., ),( XGCA . However, ),(  XCGA since the only open 

set in ),( X containing A  is X . 

In Example 4.8, for a space ( X , τ)  the collections ),( XGC  and ),( XGC are independent from each other. 

Example 4.9. Conside X R  with the usual topology u . Put QA  )1,0(  Then AAcl
u

)()(  ( A is countable) ,and 

so A GC(R,(τu)ω).                                                        On  the  other  hand,  GCA (R, τu)since )1,0(U is open in (R, 

τu) such that UA and UAcl
u

 ]1,0[)( . 

In Example 4.9, (R, τu) is anti-locally countable and QA  )1,0(  CG  (R, τu) GC (R, τu). Thus  the condition  that 

),( AA    is  anti-locally  countable in Corollary 4.5 cannot be replaced by the condition that (X, τ) is anti-locally countable. 

 Theorem 4.10. Let (X, τ) be an anti-locally countable space. Then (X, τ)    is a T1-space if and only if every g -closed set 

is ω-closed. 

Proof.  We need to show the sufficiency part only. Let Xx and suppose that }{x  is not closed. Then }{xXA  is not open, 

and thus A is gω-closed (the only open set containing A  is X ). Therefore, by assumption, A  is ω-closed, and thus }{x   is ω-

open. So there exists U   such that Ux and }{xU    is countable. It follows that U   is a nonempty countable open subset 

of (X, τ), a contradiction. 

Proposition 4.11.  If A }:{ IA    is a locally finite collection of gω-closed sets of a space (X, τ), then  AA I 
is gω-

closed (in particular, a finite union of gω-closed sets is gω-closed). 

Proof. Let U be an open subset of (X, τ) such that A ⊆ U. Since Aα ∈ GωC(X, τ) and          Aα ⊆ U for each α ∈ I,
 
cl  (Aα) ⊆ U. 

As τω is a topology on X finer than τ, A is locally finite in (X, τω). Therefore, )(Acl


 = 


cl )(  AI )(  
AclI ⊆ 

U. Thus, A is gω- closed in (X, τ).  

Proposition 4.12. If A ∈ GωC(X, τ) and B is closed in (X, τ), then   A   B ∈ GωC(X, τ).  

Proof: Let U be an open set in (X, τ) such that A B ⊆ U. Put W = X   B. Then A ⊆ U ∪ W ∈ τ. Since A ∈ GωC(X, τ),  


cl  (A) ⊆ U ∪ W. Now, 


cl  (A   B) ⊆ 


cl  (A) 


cl  (B)⊆ 


cl  (A)   cl  (B) = 


cl  (A)   B ⊆ (U ∪ W)   B 

⊆ U. 
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  Lemma 4.13. (a) If A is an ω-open subset of a space (X, τ), then A   C is   - open for every        countable subset C of X. 

(b) The open image of an  ω-open set is ω-open. 

Proof. Part (a) is clear. To prove part (b), let f : (X, τ) → (Y , σ) be an open function and let W be an ω-open subset of (X, τ). Let 

y ∈ f (W). There exists x ∈ W such that y = f (x). Choose U ∈ τ such that x ∈ U and U   W = C is countable. Since f is open, f 

(U) is open in (Y , σ) such that y = f (x) ∈ f (U) and f (U)   f (W) ⊆ f (U W) = f (C) is countable. Therefore, )(Wf is  -open 

in (Y , σ). 

Theorem 4.14. Let (X, τ) and (Y , σ) be two topological spaces. Then (τ × σ)   ⊆ τ   × σ  . Proof: Let W ∈ (τ × σ)   and (x, y) 

∈ W. There exist U ∈ τ and V ∈ σ such that            (x, y) ∈U× V  and U × V   W = C is countable. Put W1 = (U   p
X

 

(W))   (p
X

 (C)   }{x ) and W2 =(V    p
Y

 (W))    (p
Y

 (C)   }{y ), where  p
X

  : ( YX   , τ × σ) → ( X , τ) and  p
Y

  

: ( YX   , τ × σ) → (Y , σ) are the natural projections. Then W1 ∈ τω, W2 ∈σω (Lemma 4.13) and (x,y) ∈W1×W2⊆W.Thus 

W∈τω×σω.  

Definition 4.15. A subset A of a space (X, τ) is called generalized ω-open (briefly, gω- open) if its complement X    A is gω-

closed in (X, τ). 

It is clear that a subset A of a space (X, τ) is gω-open if and only if F int
  (A), whenever F ⊆ A and F is closed in (

X , τ). 

Theorem 4.16. If A × B is a gω-open subset of ( YX   , τ × σ), then A is gω-open in ( X , τ) and B is gω-open in (Y  , σ). 

Proof. Let FA be a closed subset of (X, τ) and let FB be a closed subset of (Y , σ) such that    FA ⊆ A and FB ⊆ B. Then FA × FB is 

closed in ( YX   , τ × σ) such that FA × FB ⊆ A × B. By assumption, A × B is gω-open in ( YX   , τ × σ), and so FA × FB ⊆ 

int
 )(   (A × B) ⊆ int


(A) × int


(B) by using Theorem 4.14. Therefore, FA ⊆ int

  (A) and FB ⊆ int
  (A), and the result 

follows. 

The converse of the above theorem need not be true in general. 

Example 4.17.  Let X = Y = R with the usual topology τu. Let A = R   Q and B = (0, 3). Then A and B are ω-open subsets of (R, 

τu),  while A × B is not gω-open in (R × R, τu × τu) , since int(τu ×τu )ω A × B =   and { 2  }× [1, 2] is a closed set in (r × r, τu × 

τu)  contained in A × B. 

Theorem 4.18. Let (Y  , 
Y  ) be a subspace of a space ( X , τ) and A ⊆ Y. Then the following hold. 

(a) If A ∈  GωC( X , ), then A ∈ GωC(Y ,
Y  ). 

(b) If A ∈ GωC(Y , 
Y  ) and Y  is ω-closed in ( YX  , τ), then A ∈ GωC(X, τ). 

Proof. (a) Let V be an open set of (Y , 
Y  ) such that A ⊆ V .  Then there exists an open set   U ⊆ τ such that V = Y   U. Since 

A  GωC(X, τ) and A  U, 


cl  (A) ⊆ U. Now, 
 )( Y

cl  (A) = )()( Acl Y
 =


cl  (A)  Y  ⊆ Y   U = V . Therefore, A ∈ GωC(

Y  , 
Y  ). 

(b) Let A ⊆ U, where U ∈ τ. Then A ⊆ Y   U ∈ τY . Since A ∈ GωC(Y , τY ),        
 )( Y

cl (A)= 
Y

cl )(   (A) = )( 
cl  (A)   Y ⊆Y 

U. Finally, 


cl  (A) =  


cl  (A     Y ) ⊆ 


cl  (A)    


cl  (Y ) = (Y is ω-closed) 


cl  (A)   Y ⊆ Y   U ⊆ U. Thus         

A ∈ GωC(X, τ).  
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