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Abstract- In this paper, we introduce the Banach space valued sequence space 1y (X, p,u) and examine various algebraic
and topological properties of it. Finally we introduce a subspace of 1,,(X, p, u) and investigate some topological properties
of it. Our results generalize and unify the corresponding earlier results of Kamthan and Gupta [3], Ahmad and Bataineh

[1].
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1. Introduction
Lindenstrauss and Tzafriri[6] used the idea of an Orlicz function M to construct the sequence space [,, of all sequences of scalars

(xp) such that -, M ('%’") < oo for some
p > 0. The space l,, equipped with the norm

Il x II= inf[p > O:ZMCXT"') < 1}
k=1

is a BK space [3, p. 300] usually called an Orlicz sequence space. The space [y, is closely related to the space {,, which is an Orlicz
sequence space with M(x) = xP,1 < p < oo. We recall [3, 6] that an Orlicz function M is a function from [0, o) to
[0, o0) which is continous, non-decreasing and convex with M(0) = 0, M(x) > 0 forall x > 0 and M (x) — o as x — oo. Note that
an Orlicz function is always unbounded.

An Orlicz function M is said to satisfy the 4,-condition for all values of u if there exists a constant K > 0 such that M (2u) <
KM (u), u = 0. Itis easy to see that always K > 2[4]. A simple example of an Orlicz function which satisfies the 4,-condition for
all values of u is given by M(u) = alu|*(a > 1), since M(2u) = a2%|u|* = 2*M (u). The Orlicz function M(u) = e — Ju| —
1 does not satisfy the 4,-condition.

The 4,-condition is equivalent to the inequality M (lu) < K(I)M(u) which holds for all values of u, where [ can be any number
greater than unity.

An Orlicz function M can always be represented in the following integral form
X

M(x) =f p (t)dt
0
where p known as the kernel of M, is right differentiable for t > 0, p(0) = 0,p(t) > 0 for t > 0, p is non-decreasing and p(t) —

©ast - oo,

Before proceeding with the main results we recall [7; second edition] some terminology and notations.

A paranormed space X = (X, g) is a topological linear space in which the topology is given by a paranorm g; a real subadditive
function on X such that g(8) = 0, g(x) = g(—x) and such that the scalar multiplication is continuous. In the above, 6 is the zero
in the complex linear space X and continuity of multiplication means that A,, - A, x,, = x(i.e., g(x,, — x) = 0) imply 1,,x,, -
Ax(i.e., g(Apx,, — Ax) — 0), for scalars A and vectors x.

A paranorm for which g(x) = 0 implies x = 6 is called total paranorm.

A Frechet space is a complete metric linear space, or equivalently a complete totally paranormed space.

Let w denote the space of all complex sequences x = (x;). Let X be a linear subspace of w such that X is a Frechet space with

continous coordinate projections. Then we say that X is an FK space, or a Frechet Koordinat space. If the metric of an FK space X
is given by a complete norm then we say that X is a BK space, i.e. a Banach Koordinat space.
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A sequence (b;) of elements of a paranormed space (X, g) is called a Schauder basis for X if and only if, for each x € X, there
exists a unique sequence (4;) of scalars such that x = Y.;7_; A by, i.e., such that g(x — >3%_; Ak b)) = 0(n - ).

An FK space X has AK, or has the AK property, if (e;), the sequence of unit vectors, is a Schauder basis for X. In effect, this means
that for each x = (x;) € X we have (x;, x5, ...,%,,0,0,..) = X}_; x; e, = x(n — o), where the convergence is in the metric of
X.

Let (X, II. 1) be a Banach space over the complex field C. Denote by w(X) the space of all X-valued sequences. Let M be an Orlicz
function, u = (u) be an arbitrary sequence of scalars such that u, # 0(k = 1,2,...) and p = (p,) be a bounded sequence of
positive real numbers.

We now introduce the Banach space valued sequence space [, (X, p, u) using an Orlicz function M as follows:

X, p,u) = {x € w(X): X1 [M (—"u’;x"") P < o for some p > 0}.

Some well-known spaces are obtained by specializing X, M, p and u.

(i) If X = C,py = u, = 1 forall k, then [,,(X, p, w) = I, (Lindenstrauss and Tzafriri [6]).

(i) If X = C,u, = 1 forall k, then [,,(X, p,u) = l,(p) (Parashar and Choudhary [8]).

(iii) If X = C, then I,(X, p,u) = l,(p,u) (Ahmad and Bataineh [1]).

(iv) If M(x) = x,u, = 1 forall k and p, = p(1 < p < ) forall k, then [,,(X, p,u) = [,(X)(Leonard [5]).

We denote I, (X, p,u) as [, (X,p) when u, = 1 forall k.

In §2, we propose to study various algebraic and topological properties of the sequence space I, (X, p,u). In §3, certain inclusion
relations between [, (X, p, u) space have been established. In §4, some information on multipliers for 1, (X, p, w) is given. In §5, a
subspace of [,,(X, p,u) has been introduced and some topological properties of it has been discussed.

The following inequalities (see, e.qg., [7; first edition, p. 190]) are needed throughout the paper.

Let p = (py) be a bounded sequence of positive real numbers. If H = sup,py, then for any complex a, and b, ,
(1.1) la + by |P* < C(Jag|P* + by |PF),

where C = max(1,2°H71). Also for any complex A,
(1.2) [A|PE < max(1,|A|%).

2. Linear topological structure of 1,,(X, p, u) spaces

Theorem 2.1. For any Orlicz function M, [,(X,p,u) is a linear space over the complex field C.
The proof is a routine verification by using standard techniques and hence is omitted.

Theorem 2.2. [,,(X,p,u) is a topological linear space, paranormed by

@.1) g(x) = inf { pPr/C; (i [M (II ukpxk II)]pk)a -
k=1

where G = max (1, sup,py).

The proof uses ideas similar to those used (e.g.) in [8, p. 421] and the fact that every paranormed space is a topological linear space
[9, p. 37].

Theorem 2.3. Let 1 < p,, < oo, then [, (X, p, w) is a Frechet space paranormed by (2.1).

Proof. Let (x) be a Cauchy sequence in I,,(X,p,u). Let r,u, and x, be fixed. Then for each # > 0 there exists a positive
010

integer N such that
. . €
glx' —x)) <

, lij=N.
——— forall i,j

Using definition of paranorm, we get
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i dn\1Pk
(2;:;1 [M (%)] ) <1, foralli,j=N.
Thus
- I ubxt — ukxk Il ..
Z[M( 9C— 1)) <1foralll,]2N.

o (st =g 1
gai—x) )=

for each k > 1 and for all i,j = N. Hence one can find r > 0 with u"zx" D (u"zﬂ) > 1, where p is the kernel associated with M,

such that o
M Il ulicxlic - u’ljcxli I < (uoxo) - (uoxo)
glxt —xJ) =\ )P )

Using the integral representation of Orlicz function M, we get

Since 1 < p;, < oo, it follows that

o o TUgXg . ,
I upxy —uix, I < — 9’ =x))

€
<§,forall i,j =N

Hence (u‘x?) is a Cauchy sequence in X which implies that (x*) is Cauchy in X since u is an arbitrary fixed sequence of parameters
such that u;, # 0 for each k. Therefore, for each (0 < € < 1), there exists a positive integer N such that

Il x* —x/ I< eforalli,j > N.

Now, using continuity of M, we find that

) . Pk /G
v, (x,g — lim x,i) I
z M Joe <1,foralli>N.
: P
Thus
N . Pk 1/G
Il g (xr — x5 ) |l
(Z [M (Mﬂ ) <1, foralli>N.
k=1 p

Since N is arbitrary, by taking infimum of such p’s we get

1
® i Pk\ G
inf{ pPn/C : (Z [M (M)] ) <1;foralli=N.

k=1

Hence g(x' — x) < e forall i > N. That is to say that (x‘) converges to x in the paranorm of I,,(X, p,u). Since (x") € I,,(X,p, u)
and M is continous, it follows that x € 1), (X, p, w).
Corollary 2.4. If p is a constant sequence, then [, (X, p, ) is a Banach space for p = 1 and a complete p-normed space for p < 1.

Definition 2.5[2] A linear subspace Y of w(X) is a generalized FK space (resp. a generalized BK space) if Y is a Fre'chet space
(resp. a Banach space) with continous coordinate projections.

In case X = C, then Y becomes an FK space (resp. a BK space).
Theorem 2.6. Let 1 < p;, < oo, then I, (X, p) is a generalized FK space paranormed by (2.1).

Proof. In view of Theorem 2.3, it is sufficient to show that the coordinate functionals P;: [,,(X,p) — X, where P;(x) = x; are
continuous.

Fore >0let§ >0besuchthat0 < § < 1andé < M(e).

) p
Let g(x) < § sothat Yp>, [M (gﬂ?;g)] ko 1
.. . || X ” Pk
This implies that E [M( 5 )] <1
1

o

Pk
and so [M( >] <1 foreachk = 1.
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AslSpk<oo,soM(@)S1foreachk21.

Since0<d<landMis convex%M(II x D<M (@) < 1 which implies that M(Il x; II) < 6§ < M(e).

Since M is non-decreasing, we have || x;, |I< € for each k > 1 and hence || x;, lI< e for each k. Thus the coordinate functionals are
continuous and this completes the proof of the theorem.

Corollary 2.7. If p is a constant sequence and p = 1, then [,,(X, p) is a generalized BK space.
3. Inclusion between 1, (X, p, u) spaces
We now investigate some inclusion relations between [,,(X, p, u) spaces.

Theorem 3.1. If p = (py) and q = (q,,) are bounded sequences of positive real numbers with 0 < p,, < g, < oo for each k, then
for any Orlicz function M, 1,,(X,p,u) < 1,(X, q,u).

P
Proof. Let x € I,,(X, p,u). Then there exists some p > 0 such that >3, [M ("u’;%"")] “ < co. This implies that M ("u"’%"") < 1 for
sufficiently large values of k, say k = n, for some fixed n, € N. Since M is non-decreasing and p, < g, we have

> (2 3 (L

kzng kzng
This shows that x € 1,,(X, g, u) and completes the proof.

Theorem 3.2. If r = (r,) and t = (t;,) are bounded sequences of positive real numbers with 0 < r,t, < o and if p, =
min(ry, ty), q, = max(ry, t;), then for any Orlicz function M, ,,(X,p,u) = l,,(X,r,w)Nly (X, t,u) and 1, (X, q,u) = G, where
G is the subspace of w generated by [, (X, r, u)Uly (X, t, u).

Proof. It follows from Theorem 3.1 that [,,(X,p,u) € l,,(X,r,u)Ny (X, t,w) and that G < [,,(X, q, w).
For any complex A, |A|Pe < max(|A|7x, |A]t), thus X, r, Ny (X, t,u) € Ly(X,p,u).

Let A={k:r, =t} and B ={k:r, <ty}.
Ifx = (x) € Ly (X, q,u), we write

Vi =x(k€A) and 1y, =0(k € B);and

7z, =0k€A) and 7, = x,(k € B).

q
Then  since  x = (x) € ly(X,q,u), there  exists some p>Osuch that Y, [M ("u";x""")] <o

o Z’iozl [M (”u};)—yk")]rk = ZkEA + ZkeB = ZkEA [M (”u’;xk”)]qk < 0
andsoy € Iy (X,r,u) € G.

Similarly, z € l,(X,t,u) € G.
Thus, x = y + z € G. We have proved that [,,(X, q,u) € G, which gives the required result.

Corollary 3.3. The three conditions [,,(X,7r,u) € l,,(X,t,u), I, (X,p,u) =1,X,r,u) and I, (X, t,u) =1,(X,q,u) are
equivalent.

Corollary 3.4. I,,(X,r,u) = (X, t,u) ifand only if [,,(X,p,w) = [, (X, q, u).
4. The Space of Multipliers of 1, (X, p, uw)

For any set E c w(X) the space of multipliers of E, denoted by S(E), is given by
S(E) ={a = (ay) e wX):ax = (azx) € E forall x = (x,) € E}.

Theorem 4.1. For Orlicz function M which satisfies the 4,-condition and Banach algebra X, we have [, (X) € S[l,,(X,p, u)],
where I, (X) = {a = (a;) € w(X): supy Il a; lI< }.

p
Proof. Let a = (ay) € lo(X), T = supy ll a; Il and x = (x3) € L,y(X,p,u). Then X7, [M (@)] . < oo for some p > 0.
Since M satisfies the 4,-condition, there exists a constant K > 1 such that
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i[M<"“k°+Xk">r" <3 (Lot

k=1
((1 1 [ e ")l
k=1

< (k1 +[1D)" Z [ (" Uiy ||>]

< oo,
where [T] denotes the integer part of T. Hence a € S[l,,(X, p,u)].

MsiMs

5. A subspace of ,,(X,p, w)
In this section we introduce a subspace of [,,(X, p, u) and investigate some topological properties of it.
We define hy, (X, p, u) by
Il 2w |l
hyX,p,u) = {x = (x) € w(X): Z [ (—)] < ooforeveryp > 0;.

The space hy (X, p, w) is clearly a subspace of ,,(X,p,u), and the topology is determined by the paranorm of [, (X, p, u) given by
(2.2).

Theorem 5.1. Let 1 < p;, < oo. Then hy (X, p,u) is a Frechet space with the paranorm given by (2.1).
Proof. Since h,, (X, p,u) is a subspace of I,,(X, p, u) which is a Frechet space under the paranorm given by (2.1), it is sufficient to

show that hy, (X, p,u) is closed in I, (X, p, u). Therefore, let (x%) = (x}c) be a sequence in h,, (X, p, u) such that g(x* — x) — 0 as
i = oo, where x = (x) € (X, p,uw).

To complete the proof we need to show that Y7, [M ("u"x"")] < oo for every & > 0. To € > 0 there corresponds an integer m
such that g((x™ — x) < &/2), and so by the convexity of M,

Z [ <|| U X || Pk z [ <|| ug xk ukxk ||) EM <|| u;/ka ")]pk
e
< o,

where C = max(1,2%71). Thus x € hy, (X, p, u) which shows that h,, (X, p,u) is complete.

Corollary 5.2. Let 1 < p;, < oo, then hy (X, p,u) is a generalized FK space with the paranorm given by (2.1).
The proof follows in view of Theorem 2.6 and Theorem 5.1.
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