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Abstract: In the current paper, the author considered four standard cubic congruence of even composite modulus modulo 

an even multiple of square of an odd prime for his study. 

After a rigorous study, the author has established formulations for the solutions of the congruence under his consideration. 

It is seen that the four congruence have two different formulation of solutions. These formulations are examined solving 

numerical examples and tested & verified true. No suitable literature of the solutions of the congruence considered is found 

in the literature of mathematics. The author first time formulated the solutions which are very simple and easy to remember. 
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INTRODUCTION 

Standard cubic congruence of prime and composite modulus are not found studied in the schools and in the universities. Earlier 

mathematicians showed no interest in it. Studies had been done on quadratic congruence of prime modulus but not on of composite 

modulus. No  

Complete study is found in the literature. The author has tried his best to study the standard cubic congruence of prime and composite 

modulus and formulated its solutions. Here is also the solutions of some standard cubic congruence of composite modulus are 

formulated. 

 

PROBLEM-STATEMENT 

The problem is 

 “To formulate the solutions of the standard cubic congruence of the type: 

(1) x3 ≡ p2 (mod 2p2) 

(2) x3 ≡ p2 (mod 4p2) 

(3) x3 ≡ p2 (mod 6p2) 

(4) x3 ≡ p2 (mod 8p2); p an odd positive integer”. 

 

LITERATURE REVIEW 

The standard cubic congruence considered here for study are of very special types. 

Similar special types of cubic congruence are already published by the author [1], [2], [3]. Here some other special types are 

considered for formulation of solutions. The literature of mathematics say nothing about these cubic congruence [4], [5]. But the 

readers can use Chinese remainder theorem [6]. 

 

ANALYSIS & RESULTS 

 

Case-I:  Consider the congruence x3 ≡ p2 (mod 2p2) 

Consider 𝑥 ≡ 2𝑝𝑘 + 𝑝  ( 𝑚𝑜𝑑 2𝑝2) 

                     ≡ (2𝑘 + 1)𝑝 (𝑚𝑜𝑑 2𝑝2) 

Then, 𝑥3 − 𝑝2 ≡ [(2k + 1)p]3 − p2 = (2k + 1)3p3 − p2 = p2[odd integer − 1] 
                             ≡ 𝑝2. (𝑒𝑣𝑒𝑛 𝑖𝑛𝑡𝑒𝑔𝑒𝑟) 

                             ≡ 𝑝2. 2𝑡 

                            ≡ 0(mod 2p2) 

 So,  𝑥3 ≡ 𝑝2 (𝑚𝑜𝑑 2𝑝2) 

Thus, 𝑥 ≡ 2𝑝𝑘 + 𝑝  ( 𝑚𝑜𝑑 2𝑝2) may be considered as solutions of the congruence. 

But for 𝑘 = 𝑝, the solutions formula reduces to 𝑥 ≡ 2𝑝. 𝑝 + 𝑝  ( 𝑚𝑜𝑑 2𝑝2) 

                                                                                         ≡ 2𝑝2 + 𝑝 (𝑚𝑜𝑑 2𝑝2) 

                                                                                         ≡ 0 + 𝑝 (𝑚𝑜𝑑 2𝑝2) 

This is the same solution as for 𝑘 = 𝑜. 
Also, for 𝑘 = 𝑝 + 1, the solutions formula reduces to 𝑥 ≡ 2𝑝. (𝑝 + 1) + 𝑝  ( 𝑚𝑜𝑑 2𝑝2) 

                                                                                         ≡ 2𝑝2 + 2𝑝 + 𝑝 (𝑚𝑜𝑑 2𝑝2) 

                                                                                         ≡ 0 + 2𝑝 + 𝑝(𝑚𝑜𝑑 2𝑝2) 

                                                                                        ≡ 2𝑝 + 𝑝 (𝑚𝑜𝑑 2𝑝2) 

This is the same solution as for 𝑘 = 1. 
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Therefore, all the solutions are given by 

𝑥 ≡ 2𝑝𝑘 + 𝑝  ( 𝑚𝑜𝑑 2𝑝2); 𝑘 = 0, 1, 2, 3, … … . , (𝑝 − 1). 

 

Case-II: Let 𝑝 ≡ 1 (𝑚𝑜𝑑 4). Then, 𝑝 − 1 = 4𝑡. 
Consider the cubic congruence  𝑥3 ≡ 𝑝2 (𝑚𝑜𝑑 4𝑝2). 
 Consider 𝑥 ≡ 4𝑝𝑘 + 𝑝  ( 𝑚𝑜𝑑 4𝑝2) 

                     ≡ (4𝑘 + 1)𝑝 (𝑚𝑜𝑑 4𝑝2) 

Then, 𝑥3 − 𝑝2 ≡ [(4k + 1)p]3 − p2 = (4k + 1)3p3 − p2 = p2[odd integer − 1] 
                             ≡ 𝑝2. (𝑒𝑣𝑒𝑛 𝑖𝑛𝑡𝑒𝑔𝑒𝑟) 

                             ≡ 𝑝2. 4𝑡 

                            ≡ 0(mod 4p2) 

 So,  𝑥3 ≡ 𝑝2 (𝑚𝑜𝑑 4𝑝2) 

Thus, 𝑥 ≡ 4𝑝𝑘 + 𝑝  ( 𝑚𝑜𝑑 4𝑝2) may be considered as solutions of the congruence. 

But for 𝑘 = 𝑝, the solutions formula reduces to 𝑥 ≡ 4𝑝. 𝑝 + 𝑝  ( 𝑚𝑜𝑑 4𝑝2) 

                                                                                         ≡ 4𝑝2 + 𝑝 (𝑚𝑜𝑑 4𝑝2) 

                                                                                         ≡ 0 + 𝑝 (𝑚𝑜𝑑 4𝑝2) 

This is the same solution as for 𝑘 = 𝑜. 
Also, for 𝑘 = 𝑝 + 1, the solutions formula reduces to 𝑥 ≡ 4𝑝. (𝑝 + 1) + 𝑝  ( 𝑚𝑜𝑑 4𝑝2) 

                                                                                         ≡ 4𝑝2 + 4𝑝 + 𝑝 (𝑚𝑜𝑑 4𝑝2) 

                                                                                         ≡ 0 + 4𝑝 + 𝑝(𝑚𝑜𝑑 4𝑝2) 

                                                                                        ≡ 4𝑝 + 𝑝 (𝑚𝑜𝑑 4𝑝2) 

This is the same solution as for 𝑘 = 1. 
Therefore, all the solutions are given by 

𝑥 ≡ 4𝑝𝑘 + 𝑝  ( 𝑚𝑜𝑑 4𝑝2); 𝑘 = 0, 1, 2, 3, … … . , (𝑝 − 1). 

 

Case-III: Consider the cubic congruence  𝑥3 ≡ 𝑝2 (𝑚𝑜𝑑 6𝑝2). 
 Consider 𝑥 ≡ 6𝑝𝑘 + 𝑝  ( 𝑚𝑜𝑑 6𝑝2) 

                     ≡ (6𝑘 + 1)𝑝 (𝑚𝑜𝑑 6𝑝2) 

Then, 𝑥3 − 𝑝2 ≡ [(6k + 1)p]3 − p2 = (6k + 1)3p3 − p2 = p2[odd integer − 1] 
                             ≡ 𝑝2. (𝑒𝑣𝑒𝑛 𝑖𝑛𝑡𝑒𝑔𝑒𝑟) 

                             ≡ 𝑝2. 6𝑡 

                            ≡ 0(mod 6p2) 

 So,  𝑥3 ≡ 𝑝2 (𝑚𝑜𝑑 6𝑝2) 

Thus, 𝑥 ≡ 6𝑝𝑘 + 𝑝  ( 𝑚𝑜𝑑 6𝑝2) may be considered as solutions of the congruence. 

But for 𝑘 = 𝑝, the solutions formula reduces to 𝑥 ≡ 6𝑝. 𝑝 + 𝑝  ( 𝑚𝑜𝑑 6𝑝2) 

                                                                                         ≡ 6𝑝2 + 𝑝 (𝑚𝑜𝑑 6𝑝2) 

                                                                                         ≡ 0 + 𝑝 (𝑚𝑜𝑑 6𝑝2) 

This is the same solution as for 𝑘 = 𝑜. 
Also, for 𝑘 = 𝑝 + 1, the solutions formula reduces to 𝑥 ≡ 6𝑝. (𝑝 + 1) + 𝑝  ( 𝑚𝑜𝑑 6𝑝2) 

                                                                                         ≡ 6𝑝2 + 6𝑝 + 𝑝 (𝑚𝑜𝑑 6𝑝2) 

                                                                                         ≡ 0 + 6𝑝 + 𝑝 (𝑚𝑜𝑑 6𝑝2) 

                                                                                        ≡ 6𝑝 + 𝑝 (𝑚𝑜𝑑 6𝑝2) 

This is the same solution as for 𝑘 = 1. 
Therefore, all the solutions are given by 

𝑥 ≡ 6𝑝𝑘 + 𝑝  ( 𝑚𝑜𝑑 6𝑝2); 𝑘 = 0, 1, 2, 3, … … . , (𝑝 − 1). 

 

Case-IV: Consider the cubic congruence  𝑥3 ≡ 𝑝2 (𝑚𝑜𝑑 8𝑝2). 
 Consider 𝑥 ≡ 4𝑝𝑘 + 𝑝  ( 𝑚𝑜𝑑 8𝑝2) 

                     ≡ (4𝑘 + 1)𝑝 (𝑚𝑜𝑑 8𝑝2) 

Then, 𝑥3 − 𝑝2 ≡ [(4k + 1)p]3 − p2 = (4k + 1)3p3 − p2 = p2[odd integer − 1] 
                             ≡ 𝑝2. (𝑒𝑣𝑒𝑛 𝑖𝑛𝑡𝑒𝑔𝑒𝑟) 

                             ≡ 𝑝2. 8𝑡 

                            ≡ 0(mod 8p2) 

 So,  𝑥3 ≡ 𝑝2 (𝑚𝑜𝑑 8𝑝2) 

Thus, 𝑥 ≡ 4𝑝𝑘 + 𝑝  ( 𝑚𝑜𝑑 8𝑝2) may be considered as solutions of the congruence. 

But for 𝑘 = 2𝑝, the solutions formula reduces to 𝑥 ≡ 4𝑝. 2𝑝 + 𝑝  ( 𝑚𝑜𝑑 8𝑝2) 

                                                                                         ≡ 8𝑝2 + 𝑝 (𝑚𝑜𝑑 8𝑝2) 

                                                                                         ≡ 0 + 𝑝 (𝑚𝑜𝑑 8𝑝2) 

This is the same solution as for 𝑘 = 𝑜. 
Also, for 𝑘 = 2𝑝 + 1, the solutions formula reduces to 𝑥 ≡ 4𝑝. (2𝑝 + 1) + 𝑝  ( 𝑚𝑜𝑑 8𝑝2) 

                                                                                         ≡ 8𝑝2 + 4𝑝 + 𝑝 (𝑚𝑜𝑑 8𝑝2) 

                                                                                         ≡ 0 + 4𝑝 + 𝑝 (𝑚𝑜𝑑 8𝑝2) 
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                                                                                        ≡ 4𝑝 + 𝑝 (𝑚𝑜𝑑 8𝑝2) 

This is the same solution as for 𝑘 = 1. 
Therefore, all the solutions are given by 

𝑥 ≡ 4𝑝𝑘 + 𝑝  ( 𝑚𝑜𝑑 8𝑝2); 𝑘 = 0, 1, 2, 3, … … . , (2𝑝 − 1). 

 

ILLUSTRATIONS 

 

Ex-1: consider 𝑥3 ≡ 25 (𝑚𝑜𝑑 50)  

𝑥 ≡ 2𝑝𝑘 + 𝑝  ( 𝑚𝑜𝑑 2𝑝2); 𝑘 = 0, 1, 2, 3, … … . , (𝑝 − 1). 

  ≡ 2.5𝑘 + 5 (𝑚𝑜𝑑 2.25) 

  ≡ 10𝑘 + 5 (𝑚𝑜𝑑 50); 𝑘 = 0, 1, 2, 3, 4 

 ≡ 5, 15, 25, 35, 45 (𝑚𝑜𝑑 50) 

 

Ex-2: consider 𝑥3 ≡ 25 (𝑚𝑜𝑑 100)  

𝑥 ≡ 4𝑝𝑘 + 𝑝  ( 𝑚𝑜𝑑 4𝑝2); 𝑘 = 0, 1, 2, 3, … … . , (𝑝 − 1). 

  ≡ 4.5𝑘 + 5 (𝑚𝑜𝑑 4.25) 

  ≡ 20𝑘 + 5 (𝑚𝑜𝑑 100); 𝑘 = 0, 1, 2, 3, 4. 
 ≡ 5, 25, 45, 65, 85 (𝑚𝑜𝑑 100) 

 

Ex-3: consider 𝑥3 ≡ 49 (𝑚𝑜𝑑 98)  

It can be written as 𝑥2 ≡ 72(𝑚𝑜𝑑 2. 72) 

It is of the type  𝑥2 ≡ 𝑝2(𝑚𝑜𝑑 2. 𝑝2) 

Therefore, it has exactly 𝑝 = 7 incongruent solutions given by 

𝑥 ≡ 2𝑝𝑘 + 𝑝  ( 𝑚𝑜𝑑 2𝑝2); 𝑘 = 0, 1, 2, 3, … … . , (𝑝 − 1). 

  ≡ 2.7𝑘 + 7 (𝑚𝑜𝑑 2. 72) 

  ≡ 14𝑘 + 7 (𝑚𝑜𝑑 98); 𝑘 = 0, 1, 2, 3, 4, 5, 6. 
 ≡ 7, 21, 35, 49, 63, 77, 91 (𝑚𝑜𝑑 98) 

 

Ex-4: consider 𝑥3 ≡ 49 (𝑚𝑜𝑑 196)  

It can be written as 𝑥2 ≡ 72(𝑚𝑜𝑑 4. 72) 

It is of the type  𝑥2 ≡ 𝑝2(𝑚𝑜𝑑 4. 𝑝2) 

Therefore, it has exactly 𝑝 = 7 incongruent solutions given by 

𝑥 ≡ 2𝑝𝑘 + 𝑝  ( 𝑚𝑜𝑑 4𝑝2); 𝑘 = 0, 1, 2, 3, … … . , (2𝑝 − 1). 

  ≡ 2.7𝑘 + 7 (𝑚𝑜𝑑 4. 72) 

  ≡ 14𝑘 + 7 (𝑚𝑜𝑑 196); 𝑘 = 0, 1, 2, 3, 4, … … … . , (2.7 − 1). 
 ≡ 7, 21, 35, 49, 63, 77, 91,105, 119, 133, 147,161, 175, 189 (𝑚𝑜𝑑 196) 

 

Ex-5: consider 𝑥3 ≡ 49 (𝑚𝑜𝑑 294)  

It can be written as 𝑥2 ≡ 72(𝑚𝑜𝑑 6. 72) 

It is of the type  𝑥2 ≡ 𝑝2(𝑚𝑜𝑑 6. 𝑝2) 

Therefore, it has exactly p incongruent solutions given by 

𝑥 ≡ 6𝑝𝑘 + 𝑝  ( 𝑚𝑜𝑑 6𝑝2); 𝑘 = 0, 1, 2, 3, … … . , (𝑝 − 1). 

  ≡ 6.7𝑘 + 7 (𝑚𝑜𝑑 6. 72) 

  ≡ 42𝑘 + 7 (𝑚𝑜𝑑 294); 𝑘 = 0, 1, 2, 3, 4, 5, 6. 
 ≡ 7, 49, 91, 133, 175, 217,259  (𝑚𝑜𝑑 294) 

 

Ex-6: consider 𝑥3 ≡ 25 (𝑚𝑜𝑑 200)  

It can be written as 𝑥2 ≡ 52(𝑚𝑜𝑑 8. 52) 

It is of the type  𝑥2 ≡ 𝑝2(𝑚𝑜𝑑 8. 𝑝2) 

Therefore, it has exactly 2p incongruent solutions given by 

𝑥 ≡ 4𝑝𝑘 + 𝑝  ( 𝑚𝑜𝑑 8𝑝2); 𝑘 = 0, 1, 2, 3, … … . , (2𝑝 − 1). 

  ≡ 4.5𝑘 + 5 (𝑚𝑜𝑑 8. 52) 

  ≡ 20𝑘 + 5 (𝑚𝑜𝑑 200); 𝑘 = 0, 1, 2, 3, 4, 5, 6, 7, 8, 9. 
 ≡ 5, 25, 45, 65, 85, 105, 125, 145, 165, 185  (𝑚𝑜𝑑 200) 

 

CONCLUSION 

Therefore, it is concluded that the standard cubic congruence: 𝑥3 ≡ 𝑝2 (𝑚𝑜𝑑 2𝑝2) has exactly 𝑝 incongruent solutions 

 𝑥 ≡ 2𝑝𝑘 + 𝑝 (𝑚𝑜𝑑 2𝑝2), 𝑝 𝑎𝑛 𝑜𝑑𝑑 𝑝𝑟𝑖𝑚𝑒; 𝑘 = 0, 1, 2, … . , (𝑝 − 1). 
Similarly, the standard cubic congruence: 𝑥3 ≡ 𝑝2 (𝑚𝑜𝑑 6𝑝2) has exactly 𝑝 incongruent solutions 𝑥 ≡ 6𝑝𝑘 +
𝑝 (𝑚𝑜𝑑 6𝑝2), 𝑝 𝑎𝑛 𝑜𝑑𝑑 𝑝𝑟𝑖𝑚𝑒; 𝑘 = 0, 1, 2, … … . . , (𝑝 − 1). 
Also, the standard cubic congruence: 𝑥3 ≡ 𝑝2 (𝑚𝑜𝑑 4𝑝2) has exactly 2𝑝 incongruent solutions 𝑥 ≡ 2𝑝𝑘 +
𝑝 (𝑚𝑜𝑑 4𝑝2), 𝑝 𝑎𝑛 𝑜𝑑𝑑 𝑝𝑟𝑖𝑚𝑒; 𝑘 = 0, 1, 2, 3, … … . , (2𝑝 − 1). 
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Also, the standard cubic congruence: 𝑥3 ≡ 𝑝2 (𝑚𝑜𝑑 8𝑝2) has exactly 𝑝 incongruent solutions 𝑥 ≡ 4𝑝𝑘 +
𝑝 (𝑚𝑜𝑑 8𝑝2), 𝑝 𝑎𝑛 𝑜𝑑𝑑 𝑝𝑟𝑖𝑚𝑒; 𝑘 = 0, 1, 2, 3, … … . . , (2𝑝 − 1). 
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