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Abstract: In this paper, the author considered a special type of standard quadratic congruence of composite modulus modulo 

double of square of an odd prime for formulation of its solutions. 

In the literature of mathematics, no formulation of solutions of such congruence is found. 

The author has successfully formulated the solutions and established a very simple formula.  

The formula is tested and verified by solving some numerical examples. Formulation is the merit of the paper 
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INTRODUCTION 

A congruence of the type 𝑥2 ≡ 𝑎 (𝑚𝑜𝑑 𝑚), m being a composite integer, is a standard quadratic congruence of composite modulus. 

Such types of congruence are already has been formulated and published by the author. 

 Yet he has formulated the congruence:  𝑥2 ≡ 𝑝2 (𝑚𝑜𝑑 2𝑝𝑛); 𝑛 ≥ 3  𝑝 𝑎𝑛 𝑜𝑑𝑑 𝑝𝑟𝑖𝑚𝑒. It is found that it has exactly 2𝑝 incongruent 

solutions. The paper has been published in [1]. Here, in this paper, the author wishes to formulate the same congruence for 𝑛 = 2.  

It is also seen that this congruence has a different formulation and a different number of solutions. 

PROBLEM-STATEMENT 

Here the problem is “To formulate the solutions of the congruence 

  𝑥2 ≡ 𝑝2 (𝑚𝑜𝑑 2𝑝2), 𝑝 𝑎𝑛 𝑜𝑑𝑑 𝑝𝑟𝑖𝑚𝑒” 

LITERATURE-REVIEW 

The author already has published many standard quadratic congruence of composite modulus such as [2], [3]. 

The literature of mathematics suggests a book: “Elementary Number Theory with Applications [4] in which a new method is 

described to find the solutions of the said congruence. That is an iterated method. It takes a long time. Also no one knows how to 

solve the individual congruence. Here lies the difficulty to apply the above method mentioned. In the literature of mathematic no 

formulation is found. There standard quadratic congruence of prime modulus is discussed [5], [6]. The author has started formulating 

such congruence.  

ANALYSIS & RESULTS 

Consider the congruence  𝑥2 ≡ 𝑝2 (𝑚𝑜𝑑 2𝑝2); p an odd prime. 

For solution, consider 𝑥 ≡ 2𝑝𝑘 + 𝑝 (𝑚𝑜𝑑 2𝑝2). 

Then, 𝑥2 ≡ (2𝑝𝑘 + 𝑝)2 (𝑚𝑜𝑑 2𝑝2) 

               ≡ ( 2𝑝𝑘)2 + 2.2𝑝𝑘. 𝑝 + 𝑝2 (𝑚𝑜𝑑 2𝑝2)    

               ≡ 4𝑝2𝑘2 + 4𝑝2𝑘 + 𝑝2 (𝑚𝑜𝑑 2𝑝2) 

               ≡ 4𝑝2𝑘(𝑘 + 1) + 𝑝2 (𝑚𝑜𝑑 2𝑝2) 

               ≡ 0 + 𝑝2 (𝑚𝑜𝑑 2𝑝2) 
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              ≡ 𝑝2 (𝑚𝑜𝑑 2𝑝2). 

Therefore, it is seen that 𝑥 ≡ 2𝑝𝑘 + 𝑝 (𝑚𝑜𝑑 2𝑝2) gives solutions of the congruence. But if𝑘 = 𝑝, the solution formula reduces to 

𝑥 ≡ 2𝑝. 𝑝 + 𝑝 (𝑚𝑜𝑑 2𝑝2) 

                                                                     ≡ 2𝑝2 + 𝑝(𝑚𝑜𝑑 2𝑝2) 

                                                                    ≡ 0 + 𝑝 (𝑚𝑜𝑑 2𝑝2) 

This is the solutions as for 𝑘 = 0. 

Also if 𝑘 = 𝑝 + 1, it can be seen that the solution formula reduces to 

  𝑥 ≡ 2𝑝 + 𝑝 (𝑚𝑜𝑑 2𝑝2). 

This is the solution as for 𝑘 = 1. 

Therefore, all the solutions are given by 𝑥 ≡ 2𝑝𝑘 + 𝑝 (𝑚𝑜𝑑 2𝑝2); 𝑘 = 0, 1, 2, … … . , (𝑝 − 1). 

ILLUSTRATIONS 

Example-1: consider the congruence 𝑥2 ≡ 25 (𝑚𝑜𝑑 50). 

It can be written as 𝑥2 ≡ 52(𝑚𝑜𝑑 2. 52) 𝑤𝑖𝑡ℎ 𝑝 = 5. 

It has exactly 𝑝 = 5 incongruent solutions. 

These solutions are given by  𝑥 ≡ 2𝑝𝑘 + 𝑝 (𝑚𝑜𝑑 2𝑝2); 𝑘 = 0, 1, 2 … … . , (𝑝 − 1). 

                                                   ≡ 2.5𝑘 + 5 (𝑚𝑜𝑑 2. 52); 𝑘 = 0, 1, 2, 3, 4.    

                                                    ≡ 10𝑘 + 5 (𝑚𝑜𝑑 50)     

                                                    ≡ 0 + 5, 10 + 5, 20 + 5, 30 + 5, 40 + 5 (𝑚𝑜𝑑 50) 

                                                   ≡ 5, 15, 25, 35, 45 (𝑚𝑜𝑑 50). 

Example-2:  consider the congruence 𝑥2 ≡ 49 (𝑚𝑜𝑑 98). 

It can be written as 𝑥2 ≡ 72(𝑚𝑜𝑑 2. 72) 𝑤𝑖𝑡ℎ 𝑝 = 7. 

It has exactly 𝑝 = 7 incongruent solutions. 

These solutions are given by 

     𝑥 ≡ 2𝑝𝑘 + 𝑝 (𝑚𝑜𝑑 2𝑝2); 𝑘 = 0, 1, 2 … … . , (𝑝 − 1). 

        ≡ 2.7𝑘 + 7 (𝑚𝑜𝑑 2. 72); 𝑘 = 0, 1, 2, 3, 4, 5, 6.    

        ≡ 14𝑘 + 7 (𝑚𝑜𝑑 50)     

       ≡ 0 + 7, 14 + 7, 28 + 7, 42 + 7, 56 + 7, 70 + 7, 84 + 7 (𝑚𝑜𝑑 50) 

       ≡ 7, 21, 35, 49, 63, 77, 91 (𝑚𝑜𝑑 98). 

Example-3: consider the congruence 𝑥2 ≡ 9 (𝑚𝑜𝑑 18). 

It can be written as 𝑥2 ≡ 32(𝑚𝑜𝑑 2. 32) 𝑤𝑖𝑡ℎ 𝑝 = 3. 

It has exactly 𝑝 = 3 = 6 incongruent solutions. 

These solutions are given by 

     𝑥 ≡ 2𝑝𝑘 + 𝑝 (𝑚𝑜𝑑 2𝑝2); 𝑘 = 0, 1, 2 … … . , (𝑝 − 1). 

        ≡ 2.3𝑘 + 3 (𝑚𝑜𝑑 2. 32); 𝑘 = 0, 1, 2.    

        ≡ 6𝑘 + 3 (𝑚𝑜𝑑 18)     

       ≡ 0 + 3, 6 + 3, 12 + 3  (𝑚𝑜𝑑 50) 
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       ≡ 3, 9, 15 (𝑚𝑜𝑑 18). 

Example-4: Consider the congruence 𝑥2 ≡ 361 (𝑚𝑜𝑑 722). 

It can be written as 𝑥2 ≡ 192(𝑚𝑜𝑑 2. 192) 𝑤𝑖𝑡ℎ 𝑝 = 19. 

It has exactly 𝑝 = 19 incongruent solutions. 

These solutions are given by 

     𝑥 ≡ 2𝑝𝑘 + 𝑝 (𝑚𝑜𝑑 2𝑝2); 𝑘 = 0, 1, 2 … … . , (𝑝 − 1). 

        ≡ 2.19𝑘 + 19 (𝑚𝑜𝑑 2. 192); 𝑘 = 0, 1, 2 … … … … … , 17, 18.    

        ≡ 38𝑘 + 19 (𝑚𝑜𝑑 722)     

       ≡ 0 + 3, 6 + 3, 12 + 3  (𝑚𝑜𝑑 722) 

       ≡ 19, 57, 95, 133, 171, … … … … . , 665, 703  (𝑚𝑜𝑑 722). 

These are the nineteen incongruent solutions. 

CONCLUSION 

Therefore, it is concluded that the standard quadratic congruence considered as:  

 𝑥2 ≡ 𝑝2(𝑚𝑜𝑑 2𝑝2) has exactly p- incongruent solutions given by 

 𝑥 ≡ 2𝑝𝑘 ± 𝑝 (𝑚𝑜𝑑 2𝑝2); 𝑘 = 0, 1, 2, … . (𝑝 − 1). 

MERIT OF THE PAPER 

           Therefore it is concluded that the standard quadratic congruence: 

 𝑥2 ≡ 𝑝2(𝑚𝑜𝑑 2𝑝2), p an odd prime is formulated. Solutions are obtained by the established formula. So, formulation is the merit 

of the paper. 
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