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Abstract: In this paper, solutions of a special class of standard cubic congruence of composite modulus-an integer multiple 

of power of an odd prime- is formulated. The formula established is tested and verified true one by one. The merit of the 

paper is the formulation of the solutions. Readers need not use the preferred Chinese Remainder Theorem (CRT) - a time-

consuming method. Formulation of the solutions is the merit of the paper. 
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1. INTRODUCTION 
 

The congruence of the type: 𝐱𝟑 ≡ 𝐚 (mod  𝐦 ) is called a standard cubic congruence of prime or composite modulus, if m is 

prime or composite integer. 

 The author has formulated many standard cubic congruence of prime and composite modulus [1] to [8]. Here is a very 

special type of standard cubic congruence of composite modulus of the type: 𝐱𝟑 ≡ 𝐩𝟑 (mod  𝐛. 𝐩𝐧  ), 𝐧 ≥ 𝟑,  and b an integer, 

is considered for the formulation of the solutions. 

2. REVIEW OF LITERATURE 

It is found that no attempt had been made for formulation of the above congruence by earlier mathematicians. No special 

literature is found. Readers preferred to use Chinese Remainder Theorem to solve the congruence, which takes a long time. 

Thomas Koshy had mentioned the definition of standard cubic congruence but no method of solutions is discussed nor 

mention any formulation of the congruence [9]. 

 

3. NEED OF THIS RESEARCH 

The author found no direct formulation in the literature of mathematics, but only a definition of cubic congruence [9]. 

Readers must need a time-saving method or formulation. This is the need of the research. For the time saving purpose, the 

author has tried his best to formulate the congruence and his efforts are presented in this paper. This is the need of the 

paper. 

 

4. PROBLEM STATEMENT  

“To formulate the congruence: 

         𝐱𝟑 ≡ 𝐩𝟑 (mod  𝐛. 𝐩𝐧  ), 𝐧 ≥ 𝟑,  and b an integer, p an odd prime”. 

 

ANALYSIS & RESULT  

  The congruence under consideration is: 

  𝐱𝟑 ≡ 𝐩𝟑 (𝐦𝐨𝐝 𝐛. 𝐩𝐧), 𝐦 ≥ 𝟑. 

For the solutions, consider, 𝐱 = 𝐛. 𝐩𝐧−𝟐𝐤 + 𝐩; 𝐤 = 𝟎, 𝟏, 𝟐, 𝟑, … … … 

 Then, 𝐱𝟑 = (𝐛. 𝐩𝐧−𝟐. 𝐤 + 𝐩)𝟑 

                = 𝐛𝟑. 𝐩𝟑𝐧−𝟔. 𝐤𝟑 + 𝟑. 𝐛𝟐. 𝐩𝟐𝐧−𝟒. 𝐤𝟐. 𝐩 + 𝟑 𝐛 𝐩𝐧−𝟐𝐤. 𝐩𝟐 + 𝐩𝟑  

    = 𝐩𝟑 + b.𝐩𝐧(… … ) 
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   ≡ 𝐩𝟑 (𝐦𝐨𝐝 𝐛. 𝐩𝐧) 

Thus, 𝐱 ≡ 𝐛. 𝐩𝐧−𝟐𝐤 + 𝐩 (𝐦𝐨𝐝 𝐛. 𝐩𝐧) are the solutions for 𝐤 = 𝟎, 𝟏, 𝟐, 𝟑, … … 

But if 𝐤 = 𝐩𝟐, then 𝐱 ≡ 𝐛. 𝐩𝐧−𝟐. 𝐩𝟐 + 𝐩 (𝐦𝐨𝐝 𝐛. 𝐩𝐧)     

                                   ≡ 𝐛. 𝐩𝐧 + 𝐩 (𝐦𝐨𝐝 𝐛. 𝐩𝐧) 

                                   ≡ 𝐨 + 𝐩 (𝐦𝐨𝐝 𝐛. 𝐩𝐧) , which is the same solution as for 𝐤 = 𝐨. 

For 𝐤 = 𝐩𝟐 + 𝟏, it can be easily seen that the solution is the same as for 𝐤 = 𝟏. 

Thus, all the solutions can be given by 

 𝐱 ≡ 𝐛. 𝐩𝐧−𝟐𝐤 + 𝐩 (𝐦𝐨𝐝 𝐛. 𝐩𝐧); 𝐤 = 𝟎, 𝟏, 𝟐, … . (𝐩𝟐 − 𝟏). 

Therefore, the above congruence has 𝐩𝟐 solutions and the solutions are 

    𝐱 ≡  (𝐛. 𝐩𝐧−𝟐𝐤𝐩)  (𝐦𝐨𝐝 𝐛. 𝐩𝐧); 𝐤 = 𝟎, 𝟏, 𝟐, … … . . (𝐩𝟐 − 𝟏). 

If one take 𝐛 = 𝟏, the congruence under consideration reduces to 

 𝐱𝟑 ≡ 𝐩𝟑 (𝐦𝐨𝐝 𝐩𝐧). In this case, we definitely have 𝐧 ≥ 𝟒. 

And the solutions are given by 

    𝐱 ≡  (𝐩𝐧−𝟐𝐤 + 𝐩)  (𝐦𝐨𝐝 𝐩𝐧); 𝐤 = 𝟎, 𝟏, 𝟐, … … . . (𝐩𝟐 − 𝟏). 

These are 𝐩𝟐 solutions of the congruence. 

 

ILLUSTRATIONS 

  Consider the congruence 𝐱𝟑 ≡ 𝟐𝟕 (𝐦𝐨𝐝 𝟏𝟖𝟗) 

Here, 𝟏𝟖𝟗 = 𝟕. 𝟐𝟕 = 𝟕. 𝟑𝟑  𝐰𝐢𝐭𝐡 𝐧 = 𝟑, 𝐛 = 𝟕, 𝐚𝐧𝐝 𝐩 = 𝟑. 

The congruence can also be written as 𝐱𝟑 ≡ 𝟑𝟑(𝐦𝐨𝐝 𝟕. 𝟑𝟑)   𝐰𝐢𝐭𝐡 𝐩 = 𝟑. 

Thus the congruence has 𝐩𝟐 = 𝟗 solutions, given by 

𝐱 ≡ (𝐛𝐩𝐧−𝟐𝐤 + 𝐩) (𝐦𝐨𝐝 𝐛. 𝐩𝐧), 𝐤 = 𝟎, 𝟏, 𝟐, … … … (𝐩𝟐 − 𝟏).   

≡ 𝟕. 𝟑𝟑−𝟐𝐤 + 𝟑  (𝐦𝐨𝐝 𝟕. 𝟑𝟑); 𝐤 = 𝟎, 𝟏, 𝟐, … … . (𝟗 − 𝟏) = 𝟖.     

≡ 𝟕. 𝟑𝟏𝐤 + 𝟑 (𝐦𝐨𝐝 𝟕. 𝟐𝟕)                 

≡ 𝟐𝟏𝐤 + 𝟑 (𝐦𝐨𝐝 𝟏𝟖𝟗); 𝐤 = 𝟎, 𝟏, 𝟐, … … , 𝟖.            

 ≡ 𝟎 + 𝟑; 𝟐𝟏 + 𝟑; 𝟒𝟐 + 𝟑; 𝟔𝟑 + 𝟑; 𝟖𝟒 + 𝟑; 𝟏𝟎𝟓 + 𝟑; 𝟏𝟐𝟔 + 𝟑; 

         𝟏𝟒𝟕 + 𝟑; 𝟏𝟔𝟖 + 𝟑 (𝐦𝐨𝐝 𝟏𝟖𝟗)      

 ≡ 𝟑, 𝟐𝟒, 𝟒𝟓 𝟔𝟔, 𝟖𝟕, 𝟏𝟎𝟖, 𝟏𝟐𝟗, 𝟏𝟓𝟎, 𝟏𝟕𝟏 (𝐦𝐨𝐝 𝟏𝟖𝟗).      

Let us consider another example. 𝐱𝟑 ≡ 𝟏𝟐𝟓 (𝐦𝐨𝐝 𝟓𝟎𝟎) 

The congruence can also be written as 𝐱𝟑 ≡ 𝟓𝟑(𝐦𝐨𝐝 𝟒. 𝟓𝟑). 

 Here, 𝟓𝟎𝟎 = 𝟒. 𝟏𝟐𝟓 = 𝟒. 𝟓𝟑  𝐰𝐢𝐭𝐡 𝐩 = 𝟓, 𝐛 = 𝟒, 𝐧 = 𝟑. 

Thus, the congruence has  𝐩𝟐 = 𝟐𝟓 solutions given by 

  𝐱 ≡ 𝐛. 𝐩𝐧−𝟐𝐤. +𝐩  (𝐦𝐨𝐝𝐛. 𝐩𝐧); 𝐤 = 𝟎, 𝟏, 𝟐, … . . , (𝐩𝟐 − 𝟏). 

 ≡  𝟒. 𝟓𝟑−𝟐𝐤 + 𝟓  (𝐦𝐨𝐝 𝟒. 𝟓𝟑); 𝐤 = 𝟎, 𝟏, 𝟐, … … . . , (𝟐𝟓 − 𝟏). 

 ≡  𝟐𝟎𝐤 + 𝟓  (𝐦𝐨𝐝 𝟓𝟎𝟎); 𝐤 = 𝟎, 𝟏, 𝟐, … … . , 𝟐𝟒. 

 ≡ 𝟎 + 𝟓; 𝟐𝟎 + 𝟓; 𝟒𝟎 + 𝟓, 𝟔𝟎 + 𝟓; … … … … … … , 𝟒𝟖𝟎 + 𝟓 (𝐦𝐨𝐝 𝟓𝟎𝟎). 

 ≡5,  25, 45, 65, ……., 485 (mod 500). 
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These are twenty five solutions. 

Consider one more example: 𝐱𝟑 ≡ 𝟑𝟒𝟑 (𝐦𝐨𝐝 𝟐𝟒𝟎𝟏) 

It can be written as 𝐱𝟑 ≡ 𝟕𝟑 (𝐦𝐨𝐝 𝟕𝟒) with 𝐩 = 𝟕, 𝐧 = 𝟒. 

It has 𝐩𝟐 = 𝟒𝟗 incongruent solutions. 

These are given by  

 𝐱 ≡ 𝐩𝐧−𝟐𝐤. +𝐩  (𝐦𝐨𝐝 𝐩𝐧); 𝐤 = 𝟎, 𝟏, 𝟐, … . . , (𝐩𝟐 − 𝟏). 

 ≡  𝟕𝟒−𝟐𝐤. +𝟕  (𝐦𝐨𝐝 𝟕𝟒); 𝐤 = 𝟎, 𝟏, 𝟐, … … . . , (𝟒𝟗 − 𝟏). 

 ≡  𝟒𝟗𝐤 + 𝟕  (𝐦𝐨𝐝 𝟐𝟒𝟎𝟏); 𝐤 = 𝟎, 𝟏, 𝟐, … … . , 𝟒𝟖. 

 ≡ 𝟎 + 𝟕; 𝟒𝟗 + 𝟕; 𝟗𝟖 + 𝟕; … … … … … … , 𝟐𝟑𝟓𝟐 + 𝟕 (𝐦𝐨𝐝 𝟐𝟒𝟎𝟏). 

 ≡7, 56, 105 , …………., 2359 (mod 2401). 

These are the 49 incongruent solutions of the said congruence. 

 

CONCLUSION 

Thus, it can be concluded that the solutions of the standard bi-quadratic congruence of composite modulus of the type: 𝐱𝟑 ≡
𝐩𝟑  (𝐦𝐨𝐝 𝐛. 𝐩𝐧 ), with p an odd prime integer, is formulated. The solutions are given by 

 𝐱 ≡ (𝐛𝐩𝐧−𝟐𝐤 + 𝐩) (𝐦𝐨𝐝 𝐛. 𝐩𝐧), 𝐤 = 𝟎, 𝟏, 𝟐, … … … (𝐩𝟐 − 𝟏),  which are 𝐩𝟐 in number. 

The established formula is tested and verified true by solving some examples. It is a very quick method to find all the 

solutions.  

 MERIT OF THE PAPER 

A very simple formulation is made. The solutions can be calculated orally. 

 No need to use Chinese Remainder Theorem. This is the merit of the congruence under consideration. 
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