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Abstract: In this paper, a class of standard quadratic congruence modulo an integer-multiple of the power of composite 

integer, is considered for formulation. Author’s keen interest and hard labour successfully formulate the congruence. Such 

congruence have large numbers of solutions.  Solutions can be obtained easily instantly. It is also possible to find the solutions 

orally. Thus the formulation of solutions of the said congruence is the merit of the paper. The formulation of the congruence 

increases the interest of the study of quadratic congruence. A large numbers of solutions can be calculated mentally. This is 

one more merit of the paper. 
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INTRODUCTION 

A congruence is of the type: 𝑥2 ≡ 𝑎2 (𝑚𝑜𝑑 𝑚); m being a Prime or Composite integer, is called a standard quadratic congruence 

of prime or composite modulus. The solutions are the values of 𝑥 that satisfy the congruence. If 𝑚 is a prime positive integer, the 

congruence is called a standard quadratic congruence of prime modulus. But if m is a composite integer, then it is called a standard 

quadratic congruence of composite modulus. Such types of congruence are always solvable. If it is a standard quadratic congruence 

of prime modulus, then it has exactly two solutions [1]. But if it is a quadratic congruence of composite modulus, then it may have 

more than two solutions [2]. Here, the author wishes to formulate the standard quadratic congruence modulo a multiple of an 

integer and the power of a composite integer of the type 𝑥2 ≡ 𝑎2 (𝑚𝑜𝑑 𝑏. 𝑎𝑛); n≥ 2, a being positive composite integer and b any 

positive integer. 

LITERATURE-REVIEW  

In the literature of mathematics, a standard quadratic congruence of prime modulus is discussed prominently. A little discussion is 

found on quadratic congruence of prime-power modulus. Earlier mathematicians (it seems) were not much interested in it. The 

author’s successful efforts opens the gate of entry to the solutions of the congruence directly. He (the author) already formulated 

many standard quadratic congruence of prime and composite modulus [3] to [12]. 

NEED OF RESEARCH  

Though the author formulated many standard quadratic congruence of prime and composite modulus, even he found one more such 

special congruence yet remained to formulate. Here in this paper, the author considered such congruence for formulation and his 

efforts are presented here. This is the need of the paper. 

PROBLEM-STATEMENT 

 Here the problem is- 

 “To formulate the solutions of the special quadratic congruence: 𝑥2 ≡ 𝑎2 (𝑚𝑜𝑑 𝑏. 𝑎𝑛); 𝑎, 𝑏 𝑎𝑟𝑒  positive integers, 𝑛 ≥ 2". 

ANALYSIS & RESULTS 

Consider the congruence 𝑥2 ≡ 𝑎2 (𝑚𝑜𝑑 𝑏. 𝑎𝑛); 𝑎, 𝑏 𝑎𝑟𝑒  positive integers, 𝑛 ≥ 2. 

Let us consider that 𝑥 ≡ 𝑏. 𝑎𝑛−1𝑘 ± 𝑎   (𝑚𝑜𝑑 𝑏. 𝑎𝑛). 

Then 𝑥2 ≡ (𝑏. 𝑎𝑛−1𝑘 ± 𝑎)2 (mod b. 𝑎𝑛) 

                ≡  𝑎2 (𝑚𝑜𝑑 𝑏. 𝑎𝑛), by binomial expansion formula. 

Thus, 𝑥 ≡ 𝑎𝑛−1𝑘 ± 𝑎  (𝑚𝑜𝑑 𝑏. 𝑎𝑛) is a solution of the said congruence 𝑥2 ≡ 𝑎2 (𝑚𝑜𝑑 𝑎𝑛); 

𝑎 𝑖𝑠 Positive integers, 𝑛 ≥ 2. 
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But, if we consider 𝑘 = 𝑎, then 𝑥 ≡ 𝑏. 𝑎𝑛−1. 𝑎 ± 𝑎  (𝑚𝑜𝑑 𝑏. 𝑎𝑛)  

                                                             ≡ 𝑎𝑛 ± 𝑎  (𝑚𝑜𝑑 𝑏. 𝑎𝑛) 

                                                               ≡ 0 ± 𝑎 ≡ ±𝑎 (𝑚𝑜𝑑𝑏. 𝑎𝑛) 

Which is the same solution as for 𝑘 = 0. 

Similarly, for higher values of k, the solutions repeats as for 𝑘 = 1, 2, 3, … .. 

Therefore, all the required solutions are given by 

        𝑥 ≡ 𝑏. 𝑎𝑛−1𝑘 ± 𝑎 (𝑚𝑜𝑑 𝑏. 𝑎𝑛); 𝑘 = 0, 1, 2, … … … (𝑎 − 1). 

These are 2𝑎 incongruent solutions for all values of k. This congruence has two solutions for every value of k and k has a different 

values.                                                                          

ILLUSTRATIONS 

Consider the congruence 𝑥2 ≡ 49 (𝑚𝑜𝑑 147); 𝑛 ≥ 2, 𝑎 𝑎𝑛 𝑖𝑛𝑡𝑒𝑔𝑒𝑟. 

It can be written as 𝑥2 ≡ 72(𝑚𝑜𝑑 3. 72) with 𝑎 = 7, 𝑏 = 3 𝑎𝑛𝑑 𝑛 = 2. 

Such congruence always has 2𝑎 = 2.7 = 14 solutions. 

Those solutions are given by 𝑥 ≡ 𝑏. 𝑎𝑛−1𝑘 ± 𝑎 (𝑚𝑜𝑑 𝑏. 𝑎𝑛); 𝑘 = 0, 1, 2, 3, 4, 5, 6. 

                                             𝑖. 𝑒.  𝑥 ≡ 3.72−1𝑘 ± 7 ≡ 21𝑘 ± 7 (𝑚𝑜𝑑 3.72); 𝑘 = 0, 1, 2, 3,4 , 5, 6. 

                                            𝑖. 𝑒.  𝑥 ≡ 21𝑘 ± 7 (𝑚𝑜𝑑 147); 𝑘 = 0, 1, 2, 3, 4, 5, 6.  

                              𝑖. 𝑒.  𝑥 ≡ 0 ± 7; 21 ± 7; 42 ± 7; 63 ± 7; 84 ± 7; 105 ± 7; 126 ± 7 (𝑚𝑜𝑑 147) 

                             𝑖. 𝑒.  𝑥 ≡ 7,140; 14, 28; 35, 49;   56, 70; 77, 91; 99,112; 119, 133 (𝑚𝑜𝑑 147). 

These are the fourteen solutions of the congruence under consideration. 

Consider the congruence 𝑥2 ≡ 16 (𝑚𝑜𝑑 192); 𝑛 ≥ 2, 𝑎 𝑎𝑛 𝑖𝑛𝑡𝑒𝑔𝑒𝑟. 

It can be written as 𝑥2 ≡ 42(𝑚𝑜𝑑 3. 43) with 𝑎 = 4, 𝑏 = 3 𝑎𝑛𝑑 𝑛 = 3. 

Such congruence always has 2𝑎 = 2.4 = 8 solutions. 

Those solutions are given by 𝑥 ≡ 𝑏. 𝑎𝑛−1𝑘 ± 𝑎 (𝑚𝑜𝑑 𝑏. 𝑎𝑛); 𝑘 = 0, 1, 2, 3. 

                                             𝑖. 𝑒.  𝑥 ≡ 3.43−1𝑘 ± 4 ≡ 48𝑘 ± 4 (𝑚𝑜𝑑 3.43); 𝑘 = 0, 1, 2, 3. 

                                            𝑖. 𝑒.  𝑥 ≡ 48𝑘 ± 4 (𝑚𝑜𝑑 192); 𝑘 = 0, 1, 2, 3.  

                                             𝑖. 𝑒.  𝑥 ≡ 0 ± 4; 48 ± 4; 96 ± 4; 144 ± 4 (𝑚𝑜𝑑 192) 

                                             𝑖. 𝑒. 𝑥 ≡ 4, 188; 44, 52; 92, 100; 140, 148 (𝑚𝑜𝑑 192). 

These are the eight solutions of the congruence under consideration. 

Consider the congruence 𝑥2 ≡ 36 (𝑚𝑜𝑑 6480); 𝑛 ≥ 2, 𝑎 𝑎𝑛 𝑖𝑛𝑡𝑒𝑔𝑒𝑟. 

It can be written as 𝑥2 ≡ 62(𝑚𝑜𝑑 5. 64) with 𝑎 = 6, 𝑏 = 5 𝑎𝑛𝑑 𝑛 = 4. 

Such congruence always has 2𝑎 = 2.6 = 12 solutions. 

Those solutions are given by 𝑥 ≡ 𝑏. 𝑎𝑛−1𝑘 ± 𝑎 (𝑚𝑜𝑑 𝑏. 𝑎𝑛); 𝑘 = 0, 1, 2, 3,4, 5. 

                                             𝑖. 𝑒.  𝑥 ≡ 5.64−1𝑘 ± 6 ≡ 1080𝑘 ± 6 (𝑚𝑜𝑑 5.64); 𝑘 = 0, 1, 2, 3, 4, 5. 

                                            𝑖. 𝑒.  𝑥 ≡ 1080𝑘 ± 6 (𝑚𝑜𝑑 6480); 𝑘 = 0, 1, 2, 3, 4, 5.  

                                             𝑖. 𝑒.  𝑥 ≡ 0 ± 6; 1080 ± 6; 2160 ± 6; 3240 ± 6; 4320 ± 6; 

5400 ± 6 (𝑚𝑜𝑑6480 ) 

                                             𝑖. 𝑒. 𝑥 ≡ 6, 6474; 1074, 1086; 2154, 2166; 3234, 3246; 

4314, 4326; 5394, 5406 (𝑚𝑜𝑑 6480). 
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These are the eight solutions of the congruence under consideration. 

CONCLUSION 

In the conclusion it can be said that the congruence 𝑥2 ≡ 𝑎2 (𝑚𝑜𝑑 𝑏. 𝑎𝑛); 𝑎, 𝑏 𝑎𝑟𝑒  positive integers, 𝑛 ≥ 2, is formulated 

successfully. The congruence has exactly 2𝑎 𝑠𝑜𝑙𝑢𝑡𝑖𝑜𝑛𝑠 which are given by  

 𝑥 ≡ 𝑏. 𝑎𝑛−1𝑘 ± 𝑎 (𝑚𝑜𝑑 𝑏. 𝑎𝑛); 𝑘 = 0, 1, 2, 3,4 … … … … , (𝑎 − 1).  

MERIT OF THE PAPER 

 Formulation of the congruence made the study of the congruence interesting and easy. Solutions can be calculated mentally. This 

is the merit of the paper. 
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