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Abstract: A vertex divisor cordial labeling of a graph G = (V,E) is a bijection f:V — {1,2,3,..2n-1} if odd and f : V —
{1,2,3,...2n} if even such that if each edge uv is assigned the label 1 if f(u)/ f(v) or f(v)/ f(u) and the label 0 if f(u) does not
divide f(v) then |eH0) — ef(1)| < 1 where ef(0) is the number of edges with label 0 and es(1) is the number of edges with label
1. A graph which admits vertex even divisor cordial labeling is called even divisor cordial graph.

In this paper we proved that splitting of Friendship graph S’(Fn), splitting of helm graph S’(H») ,web graph Wbn
and umbrella graph U(m,n) ,(m=n+1) admits odd and even divisor:.cordial labeling. The gear graph Gn, switching of an apex
vertex in S(kun), the graph P2 + mKy, 1-weak shell graph C(n,n = 3), 2-weak shell graph C(n,n — 4) admits even divisor
cordial labeling.

Index Terms: labeling, cordial labeling, divisor cordial labeling, vertex odd divisor cordial labeling, vertex even divisor
cordial labeling

1. INTRODUCTION

Graph theory has several interesting applications in system analysis; operations research and economics. The concept of
labeling of graphs is an active research area@and it has been widely studied by several researchers. Tn awide area network (WAN),
several systems are connected to the main'server, the labeling technique plays a vital role:to label the cables. The labeling of graphs
have been applied in the fields such as'circuit design, communication network, coding theory,and crystallography.

A graph labeling; is a processin-which-each-vertex is assigned.a value from the given set of numbers, the labeling of
edges depends on the labels of its end vertices. Cordial-labeling:was:introduced by Cahitl. A graph is called cordial if it is possible
to label its vertices with 0’s and 1°s so that when the edges are labéled with the difference of the labels at their endpoints, the number
of vertices (edges) labeled with ones and zeros differ at most:by one.

2. BASIC DEFINITIONS

Definition 2.1 Let G = (V,E) be a graph. A mapping £: V — {0,1} is called the binary vertex labeling of G and f(v) is called the
label of the vertex v € V of G under f. The induced edge'labeling f * : E‘— {0,1} is given by f *(e) = |f(u) — f(v)|, foralle=uv €
E. [3,11]

We denote vi(i) is the number of vertices of G having label i under f and e(i) is the number of edges of G having label i
under f.(where i=0,1)

Definition 2.2 Let G = (V,E) be agraph and f: V — {0,1} is called the binary vertex labeling of G. The map f is called a cordial
labeling if [vi(0)—v#(1)| < 1 and |es(0) — ef(1)| < 1. A graph which admits cordial labeling is called cordial graph.[11]

Definition 2.3 A divisor cordial labeling of a graph G = (V,E) is a bijection f: V — {1,2,3,...|v|} such that if each edge uv is
assigned the label 1 if f(u)/ f(v) or f(v) /f(u) and the label 0 if f(u) does not divide f(v) then |es(0) — es(1)| < 1.[11]

Definition 2.4 A vertex odd divisor cordial labeling of a graph G =(V,E) is a bijection f: V — {1,2,3,...(2n — 1)} such that if each
edge uv is assigned the label 1 if f(u)/ f(v) or f(v)/ f(u) and the label O if f(u) does not divide f(v) then |es(0)—e(1)| < 1.A graph which
admits odd divisor cordial labeling is called vertex odd divisor cordial graph.[11]

Definition 2.5 A vertex even divisor cordial labeling of a graph G =(V,E) is a bijection f: V — {1,2,3,...2n} such that if each edge
uv is assigned the label 1 if f(u)/ f(v) or f(v)/ f(u) and the label O if f(u) does not divide f(v) then |e#0)—e#(1)| < 1.A graph which
admits even divisor cordial labeling is called vertex even divisor cordial graph.
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Definition 2.6 The splitting graph S’(G) of a graph G is obtained by adding to each vertex v a new vertex v’ such that v’ is adjacent
to every vertex that is adjacent to v in G.

Definition 2.7 Friendship graph is the graph obtained by taking m copies of the cycle graph Cs with a vertex in common. It is also
known as Dutch-Windmill graph

Definition 2.8 The Helm graph is the graph obtained from a wheel graph by adjoining a pendant edge at each node of the cycle.
Definition 2.9 The Web graph Wb, is a stacked prism graph Y .13 with the edges of the outer cycle removed.

Definition 2.10 An Umbrella graph U(m,n) is the graph obtained by joining a path P, with the central vertex of a fan graph Fn. It
is also known as Parapluie graph.[8,10]

Definition 2.11 The Gear graph G, is obtained from the wheel by subdividing each of its rim edge.[11]

Definition 2.12 A Vertex Switching G, of a graph is obtained/by taking a vertex v of G, removing all the edges incident to v and
adding edges joining v to every other vertex which are not adjacenttow in G. [11]

Definition 2.13 Suppose we remove k chords from a'shell graph'S; , then'the.resulting graph is denoted by C(n,n — 2 — k) and we
call this graph as k —weak shell graph, where 1 <i'<n. If {¥1,V,...,Vn} is vertex set of C(n,n — 2 — k), then its edge set is {vivi+1;1 <
i (n-1) u{vnvi}u{vivi;j = 3.4,...,.n—1-k}. [11]

3. MAIN RESULTS
Theorem 3.1 The Splitting of Friendship graph S’(Fn) is vertex odd divisor cordial.
Proof. Let G be the Splitting graph of friendship graph S°(Ep).

Let V(S’(Fn)) ={v1,vi:1,Vi 1< i n}, where vy isithe common vertex of cycle nCs",vi1 are the outer vertices of the cycle, v’
are the splitting vertices of Fp.

Then [V(G)| = 4n+2 and |E(G)| = 9n.

We define f: V(G) — {1,3,5,...,8n+3}.as follows

flvy) =1

f(via) = 2i+1,1<i<2n

f(v’i) = 2i+Vans1 , 1<i<2n+1

We observe that, from the above labeling pattern, we have e(1) = e(0) , when n is even and ef(1) = 1+ef(0) , when n is odd.
Therefore |ef(0)-er(1)] <1.

Hence G is a vertex odd divisor cordial graph.
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Example 3.2 Vertex odd divisor cordial labeling of splitting of friendship graph S’(Fs) is shown in Fig 1.

Figure:1'S’(Fe)

Theorem 3.3 The Splitting of Helm graph S’(H») is vertex odd divisor cordial.
Proof. Let G be the Splitting graph of helm graph S*(H.).

Let V(S’(Hn)) ={v1,Vi,v’i; 2< i < n} , where v is the apex vertex,v; are the vertices of the helm Hy, ¥’ are the splitting vertices
of Hn.

Then [V(G)| = 4n+2 and |E(G)| = 9n.

We define f: V(G) — {1,3,5,...,8n+3} as follows

Label the vertex vi with'label 1, f(v1) = 1. Our aimis to generate [2*] edges having label 1 and [2*] edges having label 0. f(v1) =1
generates n edges having label 1.Now it remains to generate k= ["7"] —n edges with label 1.For the vertices v,vs,...,vy and

v’1,V’2,...,v’n assign the vertex label till generating k edges with label 1:The remaining labels are assigned to the vertices in such a
way that no two adjacent vertices are multiples of each other:

We observe that, from the above labeling pattern, we have e¢(1) :[97”]: ef(0) , when n is even and e¢(1) = 1+e¢(0) , when n is odd.
Therefore |ef(0)-er(1)] <1.

Hence G is a vertex odd divisor cordial graph.
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Example 3.4 Vertex odd divisor cordial labeling of splitting of helm graph S’(Hs) is shown in Fig 2.

Figure :2 S’(Hs)
Theorem 3.5 Web graph Why is vertex«odd divisor cordial.

Proof. Let G be the web graph Whn. Let V(Whby) ={v1,vi:1 ; 1< i < n}, wherews is any one vertex having degree 4, vi:1 are the
outer vertices of Why,.

Then [V(G)| = 3n and |E(G)| = 4n.We define f: V(G) — {1,3,5,..,6n-1} as follows

Label the vertex vi1 with label 2yf(v1) = 1, Our aim is to generate 2n edges having label 1:and 2n edges having label 0. f(vi) =1
generates n edges having label 1.Now it remains to generate k=2n.—n=n edges with label 1.For the vertices vy,vs,...,v, assign the
vertex label till generating k edges with label 1.The remaining labels are assigned to the vertices in such a way that no two
adjacent vertices are multiples of each other.

We observe that, from the above labeling pattern, we have eq(1) =2n= e;(0) , when.n iseven and ef(1) = 1+e¢(0) , when n is odd.
Therefore |ef(0)-er(1)] <1.
Hence G is a vertex odd divisor cordial graph.

Example 3.6 Vertex odd divisor cordial labeling of web graph Wby, is shown in Fig 3.

Figure :3 Wby
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Theorem 3.7 Umbrella graph U(m,n) (when m=n+1) is a vertex odd divisor cordial.

Proof. Let G be the umbrella graph U(m,n). Let V(U(m,n)) ={v1,Vi+1,V’i ; 1< i < n}, where vy is the central vertex of fan Fr ,Vis1
are the vertices of Fr,, v’ are the vertices of Py.

Then [V(G)| = 2n+1 and |E(G)| = 3n.

We define f: V(G) — {1,3,5,...,4n+1} as follows

Casel:n<6

f(v)) =1

f(vis1) = 2i+1 ,1<ign+1

f(v’i) = 2i+Vns2, 1ign-1

Case2:n>6

flv) =1

Label the vertices of Vi1 such that theresare equal number of edges having label 0 and label 1.
f(v’i) = 2i+Vhe2, 1<ign-1

We observe that, from theabove labeling pattern, we have ef(1) = eq(0) , when niiseven and eg(1) = 1+e¢(0) , when n is odd.
Therefore |e:(0)-e+(1)| <1.

Hence G is a vertex odd divisor cordial graph.

Example 3.8 Vertex odd divisor cordial labeling of umbrella‘graph U(6,5) and U(8,7) issshown in Fig 4(a) and 4(b).

P:x

n

pat { i)
b4

Figure :4(a) U(6,5) Figure :4(b) U(8,7)
Theorem 3.9 The Splitting of Friendship graph S’(F») is vertex even divisor cordial.

Proof. Let G be the Splitting graph of friendship graph S’(Fn). Let V(S’(Fn)) ={V1,Vi+1,v’i ; 1< i < n}, where v; is the common
vertex of cycle nCs ,vi+1 are the outer vertices of the cycle, v’ are the splitting vertices of F,.
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Then [V(G)| = 4n+2 and |E(G)| = 9n.

We define f: V(G) — {2,4,6,...,8n+4} as follows

flv)) =2

f(vis1) = 2i+2 ,1<i<2n

f(v’i) = 2i+Van , 1<i<2n+1

We observe that, from the above labeling pattern, we have er(1) = e¢(0) , when n is even and ef(1) = 1+ef(0) , when n is odd.
Therefore |er(0)-ex(1)] <1.

Hence G is a vertex even divisor cordial graph.

Example 3.10 Vertex even divisor cordial labeling of splitting of friendship graph S’(F4) is shown in Fig 5.

Figure :5 S’(Fa)

Theorem 3.11 Splitting of Helm graph S’(H,) is vertex.even divisor cordial.

Proof. Let G be the Splitting graph of helm graph S’(Hn). Let.V(S’(Hn)) ={Vv1,vi,v’i ; 1< i < n}, where vy is the apex vertex v
are the vertices of the helm Hy, v’; are the splitting vertices of Hg.

Then [V(G)| = 4n+2 and |E(G)| = 9n.

We define f: V(G) — {2,4,6,...,8n+4} as follows

Label the vertex vi with label 2, f(v1) = 2. Our aim is to generate [2*] edges having label 1 and [2*] edges having label 0. f(v) =2
generates n edges having label 1.Now it remains to generate k= ["2—"] —n edges with label 1.For the vertices v,,vs,...,vn, and

v’1,V’2,...,v’n assign the vertex label till generating k edges with label 1.The remaining labels are assigned to the vertices in such a
way that no two adjacent vertices are multiples of each other.

We observe that, from the above labeling pattern, we have ef(1) :[97"]: ef(0) , when n is even and ef(1) = 1+e¢(0) , when n is odd.

Therefore |ef(0)-er(1)]| <1.

Hence G is a vertex even divisor cordial graph.
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Example 3.12 Vertex even divisor cordial labeling of splitting of helm graph S’(Hs) is shown in Fig 6.

Figure :6 S?(Hs)

Theorem 3.13 Web graph Wh, is vertex even divisor cordial:

Let G be the web graph Why. Let V(Whby) ={¥a,vi« ; 1< i < n}, where v, is any onevertex having degree 4, vis1 are the outer
vertices of Wh.

Then [V(G)| = 3n and |[E(G)| = 4n.
We define f: V(G) — {2,4,6,...,6n} as follows

Label the vertex v, with label 2, f(v)’=2. Our aim is to.generate 2n edges having label 1 and2n edges_ having label 0. f(v1) =2
generates n edges having label 1.Now it remains to generate k=2n—h= n edges with label 1.For the vertices va,vs,...,v, assign the
vertex label till generating.k edges with label 1.The remaining labels.are.assigned to the vertices in such a way that no two
adjacent vertices are multiples of each other.

We observe that, from the above labeling pattern, we have ef(1) =2n= e:(0) , when n is evenand e«(1) = 1+e¢(0) , when n is odd.
Therefore |ef(0)-er(1)| <1.

Hence G is a vertex even divisor cordial graph.

Example 3.14 Vertex even divisor cordial labeling of web graph Whe'is shown in Fig 7.
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Figure :7 Whbg
Theorem 3.15 Umbrella graph U(m,n) (when m=n+1) is vertex even divisor cordial

Proof. Let G be the umbrella graph U(m,n). Let V(U(m,n)) ={v1,vi«1,v’i ; 1< 1 < n}, where v is the central vertex of fan Fr ,Vis1
are the vertices of Fn,, v’ are the vertices of Py.

Then [V(G)| = 2n+1 and |E(G)| = 3n.

We define f: V(G) — {2,4,6,...,4n+2} as follows

Casel:n<6

f(vy) =2

f(vis1) = 2i+2 ,1<ign+1

f(v’i) = 2i+Vps2, 1<i<n-1

Case2:n>6

f(vi) =2

Label the vertices of Vi1 such that there are equal number of edges having label:0 and label 1.
f(v’i) = 2i+Vps2, 1<i<n-1

We observe that, from the above labeling pattern, wethave ex(1) = e¢(0) , when n is even and
ef(1) = 1+e+(0) , when nis odd. Therefore |es(0)-er(1)} s

Hence G is a vertex even divisor cordial graph.

Example 3.16 Vertex even divisor cordial labeling of umbrella graph U(6,5) and4J(9,8) is shown in Fig 8(a) and 8(b).
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Figure : 8(a) U(6,5) Figure : 8(a) U(9,8)

Theorem 3.17 Gear graph G, is vertex even divisor cordial.
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Proof. Let G be the gear graph Gy. Let v be the apex vertex of G and let vi,v2,Vs,...,van be the rim vertices of G.

Then [V(G)| = 2n+1 and |E(G)| = 3n.

We define f: V(G) — {2,4,6,...,4n+2} as follows

Label the vertex vi with label 2, f(v1) = 2. Our aim is to generate [3}] edges having label 1 and [2*] edges having label 0. f(v) =2
generates n edges having label 1.Now it remains to generate k= [37”] —n edges with label 1.For the vertices v1,v2,vs,...,vn assign the
vertex label till generating k edges with label 1.The remaining labels are assigned to the vertices in such a way that no two

adjacent vertices are multiples of each other. We observe that, from the above labeling pattern, we have eg(1) :[37“]: ef(0) , when
n is even and e«(1) = 1+e¢(0) , when n is odd.

Therefore |ef(0)-er(1)] <1.
Hence G is a vertex even divisor cordial graph.

Example 3.18 Vertex even divisor cordial labeling of gear graph Gs is shown in Fig 9.

Figure :9'Gg

Theorem 3.19 The Switching of an apex vertex in S(ki,) is vertex even divisor cordial.

Proof. Let G be the Switching of an apex vertex in'S(ki n). Let V(S(k1,n)) ={v,vi,v’i; 1< i < n}, where v is the apex vertex ,viare
the pendant vertices of S(ka,n), v*i are the vertices of degree 2.

Then [V(G)| = 2n+1 and |E(G)| = 2n.

We define f: V(G) — {2,4,6,...,4n+2} as follows

f(v)=2

f(vi) = 4i ,1<ign

f(v’i) = 4i+2, 1<ign

We observe that, from the above labeling pattern, we have e«(1) =n= e¢(0).Therefore |es(0)-er(1)| <1.

Hence G is a vertex even divisor cordial graph.
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Example 3.20 Vertex even divisor cordial of switching of an apex vertex in S(ky7) is shown in Fig 10.

Figure:10 Switching of an apex vertex in S(ky7)
Theorem 3.21 The graph P2+mKj is vertex even divisor cordial.
Proof. Let G be the graph P,+mKj. Let u and v be vertices of P, and let vi,va;vs,...,vmibe vertices of MKy respectively
Then [V(G)| = m+2 and |[E(G)| = 2m+L.
We define f: V(G) — {2,4,6,4.,2m+4} as follows
f(u)y=2
f(vi) = 2(i+1) ,1<igm
f(v) = vint2
We observe that, from the above labeling pattern, we have eq(0) = n and e«(1) = n+1
Therefore |ef(0)-er(1)| <1.
Hence G is a vertex even divisor cordial graph.

Example 3.22 Vertex even divisor cordial of the graph P>+7Kj1is shown in Fig 11.

Figure :11 Po+7K;
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Theorem 3.23 1-Weak shell graph C(n,n-3) is vertex even divisor cordial.
Proof. Let G be the graph C(n,n-3).

Then [V(G)| = nand |[E(G)| = 2n-4.

We define f: V(G) — {2,4,6,...,2n} as follows

flv)) =2

f(vis1) = 2(i+1) ,1<ign-1

We observe that, from the above labeling pattern, we have ef(0)=n =ef(1)
Therefore |ef(0)-er(1)| <1.

Hence G is a vertex even divisor cordial graph.

Example 3.24 Vertex even divisor cordial.of 1-weak shell graph C(10,7) is'shown in Fig 12.

i3 6

16

10

12

Figure :12 1-Weak shell graph
Theorem 3.25 2-Weak shell graph C(n,n-4) is vertex even divisor cordial
Proof Let G be the graph C(n,n-4).
Then [V(G)| = nand |E(G)| = 2n-5.
We define f: V(G) — {2,4,6,...,2n} as follows
flv)) =2
f(via) = 2(i+1) ,1<ign-1

We observe that, from the above labeling pattern, we have e+(0) = n-2 and ef(1) = n-3
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Therefore |ef(0)-er(1)] <1.
Hence G is a vertex even divisor cordial graph.

Example 3.26 Vertex even divisor cordial of 2-weak shell graph C(10,6) is shown in Fig 13.

20

18 6

16

12

Figure :13 2-weak shell graph C(10,6).

4. CONCLUSION

In this paper, we have investigated certain cycle-related graphs satisfying-odd and.even divisor cordial labeling. Every
graph do not admit vertex odd and even divisor cordial labeling and not all odd cordial graphs are even cordial.

Thus it is interesting to investigate graphs which satisfies the condition for odd and even divisor cordial labeling and also
for both. Further the result ean be extended to other graphs and graph families.
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