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D. Ameena Beave, A. Santhama Gracy, S. Manimala, S. Kavitha, K. Veera Vinothini
Thassim Beevi Abdul Kader College for women, Kilakarai

Abstract: Hyperlattices are the most developing area in the Lattice Theory. In this paper we introduce notion of Fuzzy
Theory in Join hyperlattices and also we investigate the properties of Homomorphism of Fuzzy Join hyperlattices.
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Introduction:

Lattice theory is one of the most important and vast area in mathematics. The notion of hypergroup was also introduced in the lattice
theory. Now, the recent trends in lattice theory are fuzzy lattices and fuzzy hyperlattices. Now we introduce fuzzy theory in join
hyperlattice and we investigate some of the properties of them. We also derive the relation between the fuzzy join hyperlattice and
join hyperlattice. Also, we investigate the properties of homomorphism of fuzzy join hyperlattices.

1. PRELIMINARIES
In this section we see some of the basic definitions and conditions, which we use in this paper.
Definition 1.1:

An Algebra (L, v, A) is called a Lattice[4], if L is a non-empty set, A and Vv are binary operations on L, then both v and A

are

1) Idempotent

2) Commutative, and

3) Associative, and they satisfy the
4) Absorption law.

Proposition 1.2:

Let L be a non-empty set with two binary operations A andV. Let a, b, ¢ € L, then the following conditions are satisfied:

1) ana=aandava=a

2) anb=baaandavb=bva

3) (aanb)ac=aA(bAc)and(avb)vc=aVv(bvec)
4) (aAb)va=aand(avbh)yana=a

Then, (L,V,A) is a Lattice.
Definition 1.3:

Let L be a non-empty set with two hyper operations A andv. The triplet (L,V, A) is called as hyperlattice if the following
identities holds for all a, b, ¢ € L.

1) ac€anaanda€ava

2) aAb=bAaandavb=bva

3) (@Aab)ac=aAn(bAac)and(@avb)vc=av(bvc)
4) a€eaA(avb)andaeav(aahb)

Definition 1.4:

Let (L{,V4, Ay) and (Lo, V4, A,) be two hyperlattices. A map f: (L; — L) is said to be a

1) weak homomorphism if f (a A, b) < f(a) A, f(b) and f(a v, b) < f(a) v, f(b) foralla,b € L;.
2) Homomorphism if f (a A; b) = f(a) A, f(b) and f(a v, b) =f(a) v, f(b) foralla,b e L,.

If such a homomorphism f is surjective, then f is called an epimorphism.
If the homomorphism f is injective, then f is called a monomorphism

If f is bijective, then f is called as isomorphism from (L,, V4, A;) to the hyperlattice (L,, V4, A;).
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Note 1.5:

Let L be a non-empty set and F*(L) be the set of all non-zero fuzzy subset of L. A map o is called as a fuzzy hyperoperation
on L defined by o : L x L — F*(L), where any pair (a, b) of elements of L x L is associated with a non-zero fuzzy subset a o b.

If aand b are two non-zero fuzzy subsets of a hypergroupoid (L, ) for all X, y € L, then we define
1) (x o) (y) = supee, { (X2 1) (y) na(t) } (@ x)(y)
= supee, {2 (t) N (tox) ()}
2) (@eb) (x) = supe, {a(P)N(pea)(y)nb(a)}
Remark 1.6:
If A'is a non-empty subset of L, then we denote the characteristic function of A byy,, where for all y € L, we have
1,yeA
xay) = 0,yg A

In particular, for all X, y € L, if A = {x}, then we denote x,4(y) = x5 (y), which means that

l,y=a

Xe () = 0 y+a

Definition 1.7:

Let L be a non-empty set with two_hyperoperation v and A. The Triplet (L,V,A) is called a fuzzy hyperlattice[1], if the
following identities holds for all a, b, ¢ € L.

1) (ava)(@>0and(ana)(a=>0
2) avb=bvaandaAnb=bAa
3) (avb)vc=av(bvc)and(@aAb)ac=aA(bAc)

4) (@av(@aab))(@=>0and(aA(avhb))(a>0.
Il. RELATION BETWEEN FUZZY JOIN HYPERLATTICE AND JOIN HYPERLATTICE

In this chapter, we investigate the relation between fuzzy join hyperlattice and join hyperlattice [2]. We derive prove
some of the theorems on them.

Definition 2.1:

Let L be a non-empty set,v: L x L — F*(L), be a fuzzy hyperoperation and A : L x L — L be a operation. Then,
(L, v, A) is a fuzzy join hyperlattice if for all x, y, z € L the following conditions holds:

1) (xVvXx)(x)>0and (x Ax) (X)>0
2) XVy=yvxandXAy=yAX
3) xvy)vz=xv(yvz)and X AY)AZ=XA(YAZ)

4) XVXAY)(X)>0and (XA (XVY)) (x)>0.
Example 2.2:
Let (L, N, U) be a lattice. If we define the fuzzy hyperoperation on L for all X,y € L,
X V'Y = X,y and the operation

XAY = Xxny, then (L, v, A) is a fuzzy join hyperlattice.

Proof:

1) It is clear that

(xVvx)(x)>0and (x AXx) (x)>0 and

2) XVy=yvxandXAy=yAX [sincex,y€L]
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3) Fuzzy associative laws have to be proved, forall x,y,z,a€ L

(xVvy)Vv2) (@)= supe, {XVY) ) N (tv2)(a)}
= suprer { Xmyy O N (LV2) (@}
=(xvz)(@u(yvz(a
= X{x,z} (a) U X{y,z} (a)
= Xixy,z} (a)
and
XV(yVvz) (@)= supe, {(xVvt)(@)n(yVvz) t)}
= supee, {(X V1) (@) N Xz (O}
=(XVy) (@ U (xVvz)(@)
= X{x,y} (a) U X{x,z} (a)
=X {x,y.z} (a)
Hence (xVy)vz=xV(yV2).
Similarly, (x Ay) AZ=XA (Y A z) can be proved.

4) Fuzzy absorption law:

forallx,y,zeLandac€L,

XV (XAY)) (X) = supre, {XV 1) (X)N(XAY) O}
= suprer, {(X V1) (X) N Xxnyy (O}
=(xVv(xny)) (x)
= X{x,xny} (X) =1>0

(XA (XVY)) (X)= supee, {X A1) (X) N (xVY) (O}
= supre, {XAD) (X) N Yy (OF
=(XAX) (U (xAY) (X)
>xAX)(X)>0

The proof is complete.

Example 2.3:
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Let (L, N, U)be a lattice. If we define the fuzzy hyperoperation v on L for all X,y € L, as

X V'Y = X,y and the operation A is defined as for alla € L,

{2} a=(xny)

xAy)(a) = 0, otherwise

Then (L, v, A) is a fuzzy join hyperlattice.

Example 2.4:

Let (L,n, U) be a lattice. If we define the fuzzy hyperoperation v on L for all x, y € L, as

X V'Y = Xgxuy} and the operation A is defined as for all a € L,

{2}, a=(xny)

(xAY)(a) = 0, otherwise

Then (L, v, A) is a fuzzy join hyperlattice.

Definition 2.5:

Let L be a non-empty set,v: L x L — F* (L) be a hyper operation and A : L x L —L be an operation. Then (L,V, A) isa

join hyperlattice[3] if for all x, y, z € L. The following conditions are satisfied:

1) x€xVvxand X=XxXAX

2) XVy=yvxandXAy=yAX

3) XVyvz)=xvy)vzandXA(YAZ)=(XAY)AZ
4) XEXAXVY)NXV(XAY)

On considering a fuzzy join hyperlattice (L,V, A) and defining the hyperoperations on L for all x, y € L,
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xQ@y={a€L|(xVy)(@) >0}and
x@y={a€L|(xAYy)(a)> 0}, then we obtain a hyperlattice.
Theorem 2.6:

If (L,v, A) is a fuzzy join hyperlattice, then (L, @, @) is a join hyperlattice, which is called the associated join hyperlattice.

Proof:

1) clearly, x €x @ xand x € x @ x

2) XQ@y=yQ@xandx®y=y® x

3) Associative laws:

Weclaimthatx @ (Y® z2) =(x ® ¥) ® z, forall x,y, z€ L, then foralla € L,
ifa€x® (y ® 2),

then there exists b € y ® z, such thata € x @ b which gives (y v z) (b) >0and (x vb) >0
Hence, x vV (y vV z) (8) = supier, {xV1) (@ n(yVvz){®)}
>xvh)@n(yvz(b)>0
Since xV (yVvz)=(xVy)Vz,itfollows that (x Vy) vV z) (a) >0
which implies that
supee, {XVY) () N (tv2)(a)}>0
Hence there is t” € L, such that
(xVvy)(t)>0and(t’ Vz)(a) >0.
This shows that’ €EXx @ yanda €t Q z.
Therefore, we geta€ (X Q y) & z
Hence, x @ (Y®2) S (xQY)  z.
Conversely, X QYY) QzEXQ (Y R 2).
So, we arrive at the equality,
XQYR2)=x®Y)® z
Similarly, we can show that,
xXOyYyD)=xDy Dz
4) Absorption Law:
XV XAY) (X)) = supie, {XV 1) (X) N (XAY)(t)} >0, then there exists t” € L such that,
(XVy)(t)>0and (x V1) (x)> 0 which shows that there exists t’ € x @y,
suchthat x € x @ t’.
Therefore, x € x ® (X D y).
Similarly, we getx € x @ (X Q ).
Combining 1), 2), 3) and 4) we have that (L, ®, @) is a join hyperlattice.
Remark 2.7:

Now, on considering a join hyperlattice (L, ®, @), and defining the hyperoperation on L: for all x,y € L,

X Vy = Xx®y
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XAY= Xx@y thenwe obtain a fuzzy join hyperlattice.
Throrem2.8:

If (L, ®, @), is a join hyperlattice, then (L, Vv, A) is a fuzzy join hyperlattice, which is called the associated fuzzy join
hyperlattice.

Proof:
1) (x vx) (x) >0and (x A x)(x) >0 is clear and
2) xvy=y vxand XAy=yAXalso holds
3) Fuzzy associative law:

Forall x,y, z, a € L, we have

(x vy) v2z) (@) =supe, {(XVY) () N(tVZ) ()}
= SUPteL {Xx®y (t) n Xt®z (a)}
= 1if a€xQy) ®z
0, otherwise {
Then,
(x v(yVvz)(@=supe, {xvt)(@n(yVvz)(@®}
= SUpter {Xx®t (a) n Xy®c (t)}
= lLif aexgy) ®z
0, otherwise%
We get,
(xvy) vz=x Vv (y vz)[since, x Q@ (YR 2)=(x Qy) ® 7]

Similarly, we can prove that
XAY)AZ=XA(Y A2Z)
4) Fuzzy Absorption law,
Forall X,y € L we have, (x V (X AY)) (X) = supse, {XV 1) (X) N (X AY)(1)}

= SUPter {Xx®t (X) n Xx®y (t)}
= Xx@x@y)(X)

=1>0

Hence the proof is completed.
From the above two theorems we have the following facts.
Denote the class of all fuzzy join hyperlattice by fuzzy join hyper lattice and the class of all join hyperlattice by join hyper lattice.
We can form two maps
1) 0: FJHL — JHL, 6 ((L, v, A)) = (L, ®, @), where for any x, y € L, we have
XQy={a€L|(Xx Vvy) (a) >0} and

2) m: JHL — FJHL, n((L, ®, @)) = (L, Vv, A), where for any X, y € L, we have
(X VY) = Xx@yy and (X VY) = Yy
111. HOMOMORPHISM OF FUZZY JOIN HYPERLATTICE AND JOIN HYPERLATTICE

In this section we introduce the notion of homomorphism of fuzzy join hyperlattices and we study the connections between join
hyperlattices homomorphism and join hyperlattice homomorphism.

Definition 3.1:

Let (Lq, V41, A1) and (L,, V5, A;) be two fuzzy join hyperlattices. A map f: (L, — L) is said to be
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1) Weak homomorphism if f (x v, y) € f(X) V,, f(y) and f(x A, ¥) € f(a) A, f(b) forall x,y € L,.
2) Homomorphism if f (x v, y) = f(X) v, f(y) and f(x A,y) = f(@) A, f(b)
forallx,y e L,.

If such a homomorphism is said to be surjective, injective or bijective then the mapping f is called as epimorphism, monomorphism
or isomorphism from the join hyperlattice (L,,v,,A;) to the join hyperlattice (L,, V,, A,) respectively.

Theorem 3.2:
Let (L,,V4, A7) and (L,, V,,A;) be two fuzzy join hyperlattices and
(L1, ®1, D1) =06 ((Ly,V1, A1) and (L,,Q,,P,) =0 ((L,, V,,A;)) be their associated join hyperlattices , respectively. If f:
L,—L, is a weak homomorphism of fuzzy join hyperlattices, then f is a weak homomorphism of the associated join hyperlattices,
too.
Proof:
Since f: L, —L, is a weak homomorphism of fuzzy join hyperlattices, we have
f (xvyy) € f(x) v, f(y)and f(xALY) ) € f(X) A,T(y) for all x, yeL,.
This shows that
(F (xv1y)(b) < (f(x) V,f(y))(b) and
(f (xAY))(b) < (f(x) ALf(y))(b)  forall beL,.
Let a € X ®,Y, which means that (xv;y ((@) >0 and letb =f (a)
Then, (f(xv.y)) (b) = sup{( xviy) (t) | f (t) = b, teL,}
>(xv,y) (a) >0

It shows that (f(x) Vv,f(y) (b)>0.
Hence b = f (a) € f(X) &, f(y).
Therefore we get, f(x ®; ¥) € f(X) &, f(y).
Similarly, we can show that

f(x @1 ) € f(x) Bf(y)-
Therefore, f is a weak homomorphism between the associated join hyperlattices (L,,®,, @, ) and (L,, ®,, B, ).
IV.CONCLUSION

Hence, we have successfully introduced the fuzzy join hyperlattice. And we investigated some of their properties.
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