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Abstract: The  scope  of  this  paper   to  familiarize   that  the  concept  strong product, Cartesian product ,Cross products  

in  𝜳 -Polar  fuzzy graph  and also we prove that the  theorems and examples. 
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I. INTRODUCTION  

 Chenet al, established the concept of 𝑚 -polar fuzzy set as an expansion of bipolar fuzzy sets in 2014. This concept beyond is that 

“𝑚 -polar   information”. An Ψ-polar fuzzy graph is a team of G=(M,N), wherever M:V→[0,1]𝑚 is an m-polar fuzzy set in V and 

N:V× 𝑉→[0¸1]𝑚 is an m-polar fuzzy relation on V ∋  𝑝𝑖𝜊𝑁 (𝑥, 𝑦) ≤ 𝑚𝑖𝑛{𝑝𝑖𝜊𝑀 (𝑥), 𝑝𝑖𝜊𝑀(𝑦)}, ∀ 𝑥, 𝑦 𝜖 𝑉. An Ψ-polar fuzzy set 

or a [0,1]𝑚 or 𝑚-th power of [0,1] set on X is strictly a mapping A:X→[0,1]𝑚. The set  Ψ(𝑥) is expressed by the set of all   Ψ -

polar fuzzy sets on X. 

2. 𝚿 − 𝐏𝐨𝐥𝐚𝐫 𝐅𝐮𝐳𝐳𝐲 𝐆𝐫𝐚𝐩𝐡 𝐍𝐞𝐭𝐰𝐨𝐫𝐤 

Definition 2.1 :Consider a graph structure G=(𝑈,𝐸1,𝐸2,........,𝐸𝑛) and let M and 𝑁𝑖 are  Ψ-polar fuzzy set on 𝑈 and 𝐸𝑖 individually, 

∋  𝑝𝑖𝜊N(𝑥𝑦) ≤ 𝑚𝑖𝑛{𝑝𝑖𝜊M(𝑥),𝑝𝑖𝜊M(𝑦)}∀ 𝑥, 𝑦 𝜖𝑈, 𝑖 𝜖 𝑛, 𝑗 𝜖 𝑚.If 𝑝𝑖𝜊N(𝑥𝑦) = 0 ∀ 𝑥, 𝑦 𝜖𝑈 × 𝑈\𝐸𝑗 ∀ 𝑗.Then the graph 𝐺(𝑚) =

(𝑀,𝑁1,𝑁2 ,........, 𝑁𝑛) is called the Ψ -polar fuzzy graph structure on G. Assume the graph structure G =(𝑈, 𝐸1,𝐸2) ∋ 𝑈 =
{𝑐1, 𝑐2, 𝑐3, 𝑐4} , 𝐸1 = {𝑐1, 𝑐2} & 𝐸2 = {𝑐3𝑐2, 𝑐2𝑐4}.  

  If 𝐺(𝑚) = (𝑀, 𝑁1,𝑁2) is a four polar fuzzy graph structure of G = (𝑈, 𝐸1, 𝐸2,….., 𝐸𝑛).  

 

Theorem 2.1: Cartesian product of two Ψ-polar fuzzy graph network is an Ψ-polar fuzzy graph network.  

Proof:Consider the two graph structure are 𝐺1=(𝑈1, 𝐸11, 𝐸12,………,𝐸1𝑛) &   𝐺1 = (𝑈2,𝐸21, 𝐸22, ………,𝐸2𝑛) be the Cartesian 

product is G = (𝑈1 × 𝑈2 ,𝐸11 × 𝐸21, 𝐸12 × 𝐸22,….,𝐸1𝑛 × 𝐸2𝑛).Suppose that 𝐺(𝑚)
1 =(𝑀1, 𝑁11, 𝑁12,..,𝑁1𝑛) be the Ψ -polar fuzzy graph 

network of 𝐺1 & 𝐺(𝑚)
2 =(𝑀2, 𝑁21, 𝑁22,..,𝑁2𝑛) be the fuzzy graph network of 𝐺2.Subsequently Ψ -polar fuzzy graph network of G is 

(𝑀1 × 𝑀2 ,𝑁11 × 𝑁21, 𝑁12 × 𝑁22, ………….,𝑁1𝑛 × 𝑁2𝑛). We know that,𝑀1 × 𝑀2 & 𝑁1𝑖 × 𝑁2𝑖 are the Ψ -polar fuzzy set of 

𝑈1 × 𝑈2 & 𝐸1𝑖 × 𝐸2𝑖.Next we have to prove that 𝑁1𝑖 × 𝑁2𝑖 is an Ψ -polar fuzzy relation on 𝑀1 × 𝑀2 ∀ 𝑖. 

Case (i):𝑥𝜖 𝑈1  & 𝑥2 𝑦2ϵ 𝐸2𝑖 .We know that, 

𝑝𝑗𝜊(𝑁1𝑖 × 𝑁2𝑖)((𝑥𝑥2)(𝑥𝑦2)) = 𝑝𝑗𝜊𝑀1 (𝑥)^𝑝𝑗𝜊𝑁2𝑖(𝑥2 𝑦2)                    (1) 

By the definition ,𝑝𝑖𝜊𝑁 (𝑥, 𝑦) ≤ 𝑚𝑖𝑛{𝑝𝑖𝜊𝑀 (𝑥), 𝑝𝑖𝜊𝑀 (𝑦)}              (2)                      

By applying (2) in (1), 𝑝𝑗𝜊(𝑁1𝑖 × 𝑁2𝑖)((𝑥𝑥2)(𝑥𝑦2)) ≤ 𝑝𝑗𝜊𝑀1(𝑥)˄[𝑚𝑖𝑛{𝑝𝑗𝜊𝑀2(𝑥2), 𝑝𝑗𝜊𝑀2(𝑦2)}]= 𝑚𝑖𝑛{𝑝𝑗𝜊𝑀1(𝑥)˄𝑝𝑗𝜊𝑀2(𝑥2), 

𝑝𝑗𝜊𝑀1(𝑥)˄𝑝𝑗𝜊𝑀2(𝑦2)}]              (3) 

By the Cartesian product, 𝑝𝑗𝜊(𝑀1 × 𝑀2)(𝑥1𝑥2) = 𝑝𝑗𝜊𝑀1(𝑥1)˄𝑝𝑗𝜊𝑀2(𝑥2)              

By (3),𝑝𝑗𝜊(𝑁1𝑖 × 𝑁2𝑖)((𝑥𝑥2)(𝑥𝑦2))=𝑚𝑖𝑛{𝑝𝑗𝜊(𝑀1 × 𝑀2)(𝑥𝑥2),𝑝𝑗𝜊(𝑀1 × 𝑀2)(𝑥𝑦2) } 

Case (ii):If 𝑥𝜖 𝑈2  & 𝑥, 𝑦ϵ 𝐸1𝑖 .We know that,𝑝𝑗𝜊(𝑁1𝑖 × 𝑁2𝑖)((𝑥1𝑦)(𝑦1𝑦)) = 𝑝𝑗𝜊𝑀2(𝑦)˄𝑝𝑗𝜊𝑁1𝑖(𝑥1 𝑦1)    

Byapplying(2)in(1),𝑝𝑗𝜊(𝑁1𝑖 × 𝑁2𝑖)((𝑥1𝑦) (𝑦1𝑦)) ≤ 𝑝𝑗𝜊 𝑀2(𝑦)˄[𝑚𝑖𝑛{ 𝑝𝑗𝜊𝑀1(𝑥1),𝑝𝑗𝜊𝑀1(𝑦1)}] 

= 𝑚𝑖𝑛{𝑝𝑗𝜊𝑀2(𝑦)˄𝑝𝑗𝜊𝑀1(𝑥1),𝑝𝑗𝜊𝑀2(𝑦)˄𝑝𝑗𝜊𝑀1 (𝑦1)}]. 

By applying(3),𝑝𝑗𝜊(𝑁1𝑖 × 𝑁2𝑖)((𝑥1𝑦)(𝑦1𝑦)) = 𝑚𝑖𝑛{𝑝𝑗𝜊(𝑀1 × 𝑀2)(𝑥1𝑦),𝑝𝑗𝜊(𝑀1 × 𝑀2)(𝑦1𝑦) }∀𝑗 ∈ 𝑚.In the case (i) and case 

(ii) takes ∀ 𝑖 ∈ 𝑛. Hence 𝑁1𝑖 × 𝑁2𝑖 is an  Ψ-polar fuzzy relation on 𝑀1 × 𝑀2 ∀ 𝑖 ∈ 𝑛. Hence the proved.   
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Example: 

 

Theorem 2.2: Cross Product of two Ψ -polar fuzzy graph network is an Ψ -polar fuzzy graph network 

Proof:Consider the two graph structure are 𝐺1=(𝑈1,𝐸11, 𝐸12, …,𝐸1𝑛) & 𝐺1=(𝑈2,𝐸21, 𝐸22, …,𝐸2𝑛) be the Cross product is G=(𝑈1 ∗
𝑈2 ,𝐸11 ∗ 𝐸21, 𝐸12 ∗ 𝐸22,….,𝐸1𝑛 ∗ 𝐸2𝑛).Suppose that 𝐺(𝑚)

1 =(𝑀1, 𝑁11, 𝑁12,..,𝑁1𝑛) be the Ψ-polar fuzzy graph network of 𝐺1 & 

𝐺(𝑚)
2 =(𝑀2, 𝑁21, 𝑁22,..,𝑁2𝑛) be the fuzzy graph network of 𝐺2.Subsequently Ψ-polar fuzzy graph structure of the G is (𝑀1 ∗

𝑀2 ,𝑁11 ∗ 𝑁21, 𝑁12 ∗ 𝑁22, ….,𝑁1𝑛 ∗ 𝑁2𝑛). 𝑀1 ∗ 𝑀2 & 𝑁1𝑖 ∗ 𝑁2𝑖 are the Ψ -polar fuzzy set of 𝑈1 ∗ 𝑈2 & 𝐸1𝑖  ∗  𝐸2𝑖 .Next we have to 

prove that 𝑁1𝑖 ∗ 𝑁2𝑖 is an Ψ -polar fuzzy relation on 𝑀1 ∗ 𝑀2 ∀ 𝑖.Whenever 𝑥1 𝑦1ϵ 𝐸1𝑖 & 𝑥2 𝑦2ϵ𝐸2𝑖,𝑝𝑗𝜊(𝑁1𝑖 ∗

𝑁2𝑖)((𝑥1𝑥2)(𝑦1𝑦2))=𝑝𝑗𝜊𝑁1𝑖(𝑥1𝑦1)˄𝑝𝑗𝜊𝑁2𝑖(𝑥2 𝑦2)      (1).  We know that,𝑝𝑖𝜊𝑁 (𝑥, 𝑦) ≤ 𝑚𝑖𝑛{𝑝𝑖𝜊𝑀 (𝑥), 𝑝𝑖𝜊𝑀 (𝑦)} .The equation 

(1) becomes,  

𝑝𝑗𝜊(𝑁1𝑖𝜊𝑁2𝑖)((𝑥1𝑥2)(𝑦1𝑦2)) ≤ [𝑚𝑖𝑛{𝑝𝑖𝜊𝑀1(𝑥1), 𝑝𝑖𝜊𝑀1(𝑦1)}]^ [𝑚𝑖𝑛{𝑝𝑖𝜊 𝑀2(𝑥2), 𝑝𝑖𝜊𝑀2(𝑦2)}]   

= 𝑚𝑖𝑛{𝑝𝑖𝜊𝑀1(𝑥1)˄𝑝𝑖𝜊𝑀2(𝑥2), 𝑝𝑖𝜊𝑀1(𝑦1)˄𝑝𝑖𝜊𝑀2(𝑦2)           (2) 

We know that the definition, the Cross product 

𝑝𝑗𝜊(𝑀1 ∗ 𝑀2)(𝑥1𝑥2) = 𝑝𝑗𝜊𝑀1(𝑥1)˄𝑝𝑗𝜊𝑀2(𝑥2)       (3) 

By,𝑝𝑗𝜊(𝑁1𝑖 ∗ 𝑁2𝑖)((𝑥1𝑥2)(𝑦1𝑦2))  =  𝑚𝑖𝑛{𝑝𝑖𝜊(𝑀1 ∗ 𝑀2)(𝑥1𝑥2), 𝑝𝑖𝜊(𝑀1 ∗ 𝑀2)(𝑦1𝑦2)}    This is takes ∀ 𝑖 ∈ 𝑛. Hence 𝑁1𝑖 ∗ 𝑁2𝑖 is 

an Ψ-polar fuzzy relation on 𝑀1 ∗ 𝑀2 ∀ 𝑖 ∈ 𝑛.  

 

 

Corollary 2.3: Strong product Ψ -polar fuzzy graph network is an Ψ -polar fuzzy graph network.  
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Conclusion: In this paper we discussed the concept three types of three types Ψ -polar fuzzy graph network is an Ψ -polar fuzzy 

graph network. 
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