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Class of lattices with two atoms
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Abstract:
For finite lattice L with exactly two atoms there exists a unique ideal B. In this article  studied structure of ideal B
and proved annihilator of ideal B is zero ideal. Shown that for proper ideal B there exists a distinct dual ideal of L. Further

introduced a class of particular two atoms lattices.
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1. INTRODUCTION

Associating a graph to an algebraic structure is the interest of researcher in this subject of research and has attracted
considerable attention in this area. To find the relationship between algebra and graph theory and applications of each other.
The idea of zero divisor graph of commutative ring R with identity was introduced by | Beck [4] in 1988. He defined To(R),
zero divisor graph of ring R with identity, whose vertices are elements of R and two vertices x and y are adjacent if and only if
xy=0. Coloring of To(R) was his concern. Beck conjectured that y(R) =o(R); x(R) is the chromatic number and w(R) clique
number of To(R). This investigation was continued by Anderson and Naseer in [1]. They gave counter example of above
conjecture. Anderson and Livingston in [2] associated a zero divisor graph to a commutative ring R with identity by different
method. They defined T (R) ; zero divisor graph of ring R with identity, whose vertices are non-zero zero divisors of R and two
distinct vertices x and y are adjacent if and only if xy=0.

Many authors have studied zero divisor graphs of rings and other graphs associated to other algebraic structures see [3,
5, 7, 10]. Considering zero divisors and their annihilators, annihilating ideal graphs of different structures have studied in [11,
12, 13]. For lattices see [8, 9].

In [6] Deore and Tayade studied the zero divisor graphs of lattices and its unique ideals. Study of zero divisor graph
gives idea to introduced a unique ideal related to number of atoms in the lattice. Aim was to expose relation between graph
theory and lattice theory.

In this article finite lattices of two atoms and their unique ideals are studied. For proper unique ideal there exists a
distinct dual ideal. Each of the unique ideal is annihilated by zero ideal only. Further introduced a class of such lattices. The
class contains distributive, non-distributive, modular, non-modular lattices.

In this paper all lattices are finite, atomic, with two atoms and some conditions, if not specified.

2. PRILIMINARIES

We recall some definitions and basic results.

Definition 2.1. A poset (L, <) is said to form a lattice if Sup{a, b} and Inf{a, b } exists in L, for any a, beL.In this case we
write Inf {a, b }=anb, Sup{a, b}=avb.

A lattice with finite number of elements is finite lattice.
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Definition 2.2. A lattice is an algebra (L, A, v) if the following conditions holds.

a) ana=a, ava=a.
b) aab=Dbn a, avb=bva.
c) an(bac)= (anb)ac; av (bve)= (avb) ve.

d) av(anb)=a, ana(avb)=a

Theorem 2.1. Let (L,A,v) be a lattice. Define an order < as below.

Fora, bin L, seta<b if and only if anb=a, then (L, <) is an partially ordered set and any two of elements have least upper
bound (lub) and greatest lower bound (glb).

Conversely, let P be an partially ordered set with glb{a, b} ,lub {a, b} eP. Define

anb= glb{a, b} and avb= lub{a,b} then (P, A, V) is lattice.

Let S be non empty subset of lattice L. Then (S,A,v) is called sub lattice of lattice L, ifanb, avbeS for a, beS.

Let L be a lattice and a, b €L, with a< b be any two elements. The closed interval is denoted by [a, b] and defined as [a, b]
={xeL | a<x<b}. The interval [a, b] is the sub lattice of L. For x <[a, b] be any element, if their exist yeL such that
XAY=YyAX=a, Xvy=yvx=b then y is a complement of x relative to [a, b].

A lattice L is said be a bounded if there exists elements, say 0 and 1 in L such that 0<x<1, for all xeL. 0 is least and 1 is
greatest element of L.

For xeL, if there exists yeL such that xAy=0, xvy=1, then y is said to be complement of x. If each element of L has
complement the lattice is said to be complemented lattice. If each element of a bounded lattice has a unique complement, the
lattice is said to be uniquely complemented.

If b, c are elements in L such that b < x < ¢ for no x in L then c is cover of b.

An element (0) acL is said to be atom of lattice L if a covers 0. Set of atoms of lattice L is denoted by A (L). For every non
zero element xeL, if their exists an atom a, such that a<x then the lattice L is said to be atomic lattice. A finite lattice with least
element is atomic.

In this article lattices under considerations are finite, atomic with two atoms.

A lattice L is to be distributive if an(bvc)=(anb)v(anc) for all a,b,ceL.

A lattice L is called modular if for all a> b, an(bvc)=bv(anc) ; a, b, ceL.

A non empty sub set I of L is said to be ideal of lattice L, ifavbel and knael, fora, bel, kel.

Let L be a lattice. For xeL, (x] ={ ye L | y<x } is principal ideal generated by element x. Let A= {a;, a2, as,., an } be non
empty subset of L. Let I={ye L |y<aiv axvasv. van} is ideal of lattice L.

A properly contained ideal | of lattice L is called prime ideal if whenever anbel then acl or bel.

Let L be a lattice. An element x L is said to be zero divisor if their exist (0#) yeL such that xAy=0. The set of all zero divisors
in lattice L is denoted by Z (L). The set of non-zero zero divisors is Z (L)*= Z (L)/ {0}.

3. THEOREMS & RESULTS

Theorem .3.1. ([6], Theorem 2) Let L be a non diamond lattice with the least element 0 and having a finite set of atoms. Then
there exists a finite, distributive and uniquely complemented ideal B of L such that A(L)=A(B).

Corollary .3.1. Let L be a lattice and B be unique ideal of L. Then B is principal ideal.

Proof. Let L be a finite lattice. Its every ideal is principal ideal hence B is principal ideal.

Corollary .3.2. ([6], Corollary2) Let L be a lattice with least element 0 and has two atoms and B be unique ideal of L. Then
(@) Z(B)=B—{0, 1,}, 1, is the greatest element of ideal B.
(b) Z(B)=Z(L).
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Theorem 3.2. Let L be a finite lattice and A (L) = {a, b} be its set of atoms. Then no element of subset [avb]T is element of Z

(L), where [avb]T={xeL| x>avb}.

Proof: We havea, b<avb<ximplies,xna=a=#0,xAb=b=0.

Example 3.1. If L be a finite lattice and B be it’s unique ideal then B may or may not be prime ideal.

Let L be a lattice. For xeL, the annihilator of x, denoted by Ann(x), is defined to be { yeL | yax=0}.

Theorem 3.3. If L be a finite lattice and B be it’s unique ideal then Ann (B)= {0}.

Proof: Suppose 0#xe Ann (B) then xAy=0 for all y belongs to B. Since lattice is atomic, a < X, a Ax=a. is impossible

Next theorem gives existence of dual ideal for a proper unique ideal. A non empty subset F of lattice L is said to be dual ideal if
anbeF, avkeF, for a, beF and keL.

Theorem 3.4. Let L be a finite lattice. If unique idea B is proper ideal then there exists a dual ideal F such that BnF=¢.
Proof: Let B be proper unique ideal of lattice L. Then L-B = ¢. For xe L-B, let F= [X)={keL | k>x }. Then F is dual ideal of L
and BnF=¢.

Theorem 3.5. Let L be a finite lattice. If unique idea B is proper ideal and there exists dual ideals F and G such that BnF=¢
and BnG=¢ then FNG = ¢.

A lattice L is said to be Boolean if it is distributive and uniquely complemented.

Theorem 3.6 .Let L be a finite Boolean lattice with two atoms and B be its unique ideal then B=L.

Let (L, <) and (F, <*) be two lattices. A one one on to map g: L—F is called an lattice isomorphism if x<y < g(x)<g(y) and
we write it as L=F.

Theorem 3.7. Let L and F are lattices. If L=F then B=C;

where B, C are their unique ideals of L and F respectively.

Example 3.2. If B=C; then L and F may not be isomorphic. from figure 1 & 2.

4. CLASS OF SOME LATTICES

5 C

Fig. 1 Fig. 2
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Fig. 3 Fig. 4

5. CONCLUSIONS

In this article shown that for proper unique ideal there exists a dual ideal and both are distinct. Unique ideal has no nonzero
annihilator ideal.

Above figures represents some finite lattices with two atoms. This class contains distributive, non-distributive, non-
complemented, modular, non-modular and Boolean lattices. All such lattices constitute a new class.

ACKOWLEDGMENT I extend my heartiest gratitude to respected Prof. Rajendra P Deore for his supportive suggestions and
constructive cooperation for this research work.

This research work is a motivation from VCRM Scheme, KBC NMU Jalgaon (MS), India.

REFERENCES

[1] D. D. Anderson and M. Naseer, Beck’s colouring of commutative ring, J. Algebra.159 (2), (1993) 500- 514.

[2] D. F Anderson and P. S Livingston, The zero-divisor graph of commutative ring J. Algebra. 217(2) (1999) 434-447.

[3] S. Aswathy, Gigi Thomus, Jill K.Mathew, Zero divisor graph of Boolean Lattice, J Math. Comput. Sci Palestine Journal of
Mathematics, Vol 11(4) (2022) 195-204.

[4] 1. Beck, Coloring of commutative rings, J. Algebra,Vol. 116(1) (1998) 208-226.

[5] T. T. Chelvam, S. Nithya, A note on the zero-divisor graph of lattice, J. Trans. Comb 3(3)(2014)51-59.

[6] R. P. Deore and P. N. Tayade, Zero divisor graph of a lattice and its unique ideal, J. Math. (2019)9825495.

[7] E.Estaji and K.Khashyarmanesh, The zero divisor graph of lattice, Results in mathematics vol 61(2012)1-11.

[8] G. Gratzer, General Lattice Theory, Springer, Germany, 1978.

[9] Vijay K. Khanna, Lattices and Boolean Algebras, Vikas publishing house PVT LTD, New Delhi (2008).

[10] M.Alizadeh, A. K. Das, H. R Maimani, M. R.Pournaki and S.Yassemi, On the diameter and girth of zero divisor graphs
of posets, J. Discrete Applied mathematics 160(2012)1318-1324.

[11] Vikas Kulal, Anil Khairnar and Krishnat Masalkar, Annihilator ideal graph of a lattice,J.Palestine Journal of Mathematics,
Vol 11(4) (2022) 195-204.

[12] P. N. Tayade, K. Surwade and R. P. Deore, Some results on annihilating ideal graph of commutative rings, JP Journal of
Algebra, Number Theory and Applications, Vol.40 no 4. (2018).

[13] Pramod Tayade, Kamalakar. Surwade, Rajendra Deore, Characterization of annihilating ideal graph , JP Journal of
Algebra, Number Theory and Applications, Vol.42 no 2. (2019).

IJSDR2512194 | International Journal of Scientific Development and Research (IJSDR) www.ijsdr.org | b744



