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Abstract

This paper explores the generalized BRST symmetry in the framework of finite, field-dependent transformations.
The formulation provides a systematic method to connect generating functionals in different gauge choices without
spoiling nilpotency or consistency of the quantization scheme. The study applies this approach to the Stueckelberg
theory and constructs an explicit mapping between covariant and axial gauges. The Jacobian contribution from the
path-integral measure appears as a local functional and establishes the equivalence of the two gauges at the level of
Green’s functions. The analysis presents a unifying perspective on gauge independence and highlights the utility of

generalized BRST transformations in noncovariant quantization.
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I. INTRODUCTION

~ The Hamiltonian quantization of systems constrained by Dirac’s method has long been regarded as a
cornerstone in understanding second-class constraints [1]. Within this approach, the introduction of Dirac brackets
provides a consistent procedure for eliminating redundant degrees of freedom; however, their field dependence
and inherent nonlocality often obscure the canonical structure. In addition, the operator ordering ambiguities that
naturally arise in this setting create technical obstacles in the construction of conjugate variables and complicate
the algebraic consistency of the quantized theory. By contrast, systems with first-class constraints enjoy a
manifestly gauge-invariant quantization, elegantly formulated within the BRST framework [2-5], where the
nilpotent BRST charge ensures both unitarity and consistency at the quantum level. To reconcile the disparity
between first- and second-class constrained systems, a widely adopted strategy consists in embedding the second-
class theory into an enlarged phase space wherein the constraints are effectively converted into first-class ones [2—
6]. This embedding method, pioneered and systematized by Batalin, Fradkin, and Tyutin [7, 8], has been

successfully applied across a variety of physical models, thereby establishing its robustness and generality [9—12].

A paradigmatic example of such a system is the Proca model in four dimensions, which describes a massive
spin-one vector field. The explicit mass term breaks gauge invariance and renders the theory second class [13—

17]. To overcome this difficulty, Stueckelberg introduced an auxiliary scalar field to restore gauge invariance,
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effectively elevating the Proca model to a first-class system [18—20]. This reformulation not only resolves the

constraint issue but also provides a fertile framework with far-reaching implications for gauge field theories and
string theory constructions [21-23]. The Stueckelberg mechanism thus stands as a key prototype where second-

class systems can be systematically reformulated into first-class ones without altering their physical content.

In this work, we investigate the generalized structure of BRST symmetry by extending it to finite, field-
dependent transformations. We construct these transformations systematically by introducing a continuous
interpolation parameter and by allowing the BRST parameter to depend explicitly on the fields of the theory.
We show that the nilpotency of the BRST operator remains intact under this generalization, while the
functional measure of the path integral acquires a nontrivial Jacobian. We evaluate this Jacobian and express
it as the exponential of a local functional of the fields, which effectively modifies the action without altering
the physical content of the theory. We apply this generalized framework to the Stueckelberg theory, which
represents a gauge-invariant formulation of a massive vector field. We consider both covariant and axial
gauge fixings and construct an explicit mapping between the two by means of finite field-dependent BRST
transformations. We analyze the role of the Jacobian in connecting the generating functionals in the two gauges
and demonstrate that the Green’s functions remain gauge equivalent. This analysis establishes that the generalized
BRST symmetry not only preserves the algebraic structure of the usual BRST formulation but also provides a
powerful tool to interpolate consistently between covariant and noncovariant quantization schemes. Through this
investigation, we present a unifying perspective on gauge equivalence, highlight the broader applicability of
generalized BRST transformations, and lay the groundwork for their potential extension to other models beyond

the Stueckelberg framework.

The paper is organized as follows. Section II presents a brief review of the conventional BRST symmetry
and its role in gauge theories. Section III introduces the generalized BRST transformations and discusses
their construction, algebraic properties, and the associated Jacobian of the path-integral measure. In Section
IV, the formalism is applied to the Stueckelberg theory, where we explicitly construct the mapping between
covariant and non-covariant gauges. Section V establishes the equivalence of the corresponding generating
functionals and Green’s functions. Section VI is devoted to a discussion of the results and their implications.

Finally, Section VII summarizes the main conclusions and outlines possible directions for future work.

II. GENERALIZED BRST TRANSFORMATION

In this part, we reconsider the framework of conventional BRST symmetry and explore its possible extensions.
The key observation is that the essential algebraic properties of BRST variations remain valid regardless of
whether the anticommuting parameter 6, is infinitesimal or finite, field dependent or independent, provided that it
does not involve any explicit space-time variation. This property provides sufficient flexibility to reformulate the

BRST transformations with &, promoted to a finite, field-dependent parameter, while still retaining nilpotency.
To accomplish this extension, we begin by making the infinitesimal BRST parameter field dependent. For
technical clarity, we introduce an auxiliary interpolation parameter x with 0 <x < 1. All dynamical variables
are then assumed to acquire k-dependence, denoted ¢(x, x), such that the boundary conditions are ¢(x, ¥ = 0) =

é(x) and @(x, x =1) = ¢ (x), where ¢ (x) denotes the fully transformed configuration.
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The generic infinitesimal form of such a transformation can be expressed as

dg(x, 1) = Sb[(x, )] © [$(x, )] d, 2.1

where ® [¢(x, k)] dk plays the role of a k-dependent but infinitesimal parameter. By integrating these successive

transformations across the interpolation interval, one arrives at the finite field-dependent BRST transformation,

8'(x) = ¢(x) + Ib[$(x)] O[], 2.2)

with

Olo(x)] = ]01 dr' O'|o(x, )] (2.3)

Although the generalized BRST transformations preserve nilpotency and remain a symmetry of the
effective action, they fail to leave the path-integral measure invariant due to the finiteness of the parameter.
This lack of invariance is captured by the Jacobian of the functional measure, which for a suitable choice of

O[¢(x)] can be written as
D¢ = J(x) Dp(x) = J(x + di) Dp(xc + dx). 24)

Since the transition ¢(x) — ¢(x + dr) is infinitesimal, the ratio of Jacobians satisfies

J(“) — ¥ 5@(.‘1:._ fi'.)
J(k+dr) ¢ m 2.5)

where the summation X4 extends over all dynamical variables, and the sign is chosen according to whether ¢ is
bosonic (+) or fermionic (—).
The infinitesimal variation of J (x) then follows as

1dJ e 00 0(x, k)]
Tak = / d'x [:I:rb,,(.-)(..i-. K) m (2.6)

Within the functional integral, the Jacobian J(x) may be consistently replaced by an exponential of a local
functional Si[¢(x, )], i.e.

J(r) — exp[iS1[4(x, ©)]], (2.7)
Whenever the constraint

1dJ .dS[o(x, k)

YE_;,T cxp{z[sp_ff-i—sl]}:() (2.8)

/ D¢(x)

is satisfied [24].

By a judicious choice of the parameter ®[#(x)], one can therefore reinterpret the generalized BRST-

transformed generating functional
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Z = | Dg explitSeg+ 1)}

as corresponding to another effective quantum theory linked to the original by finite, field-dependent BRST

symmetry.

III. STUECKELBERG THEORY

In order to address certain limitations inherent in the Proca framework, Stueckelberg proposed an extended

form of the Lagrangian density, expressed as

' 1 J'Tl-}rg 1 2
Sep = / &'z [——FH,,FW + (A“ a“B) ]

4 2\ M (3.1)
by supplementing the theory with an additional real scalar field B.
The above functional remains invariant under a local gauge variation given by
OgAu(x) = OpA(x), (3.2)
0gB(x) = M A(x), (3.3)

where 4 denotes the gauge function. For quantization, it becomes necessary to fix a gauge. Adopting the ’t Hooft
gauge condition,

1 . . 3.4
Lop =~ (*Au+ XMB)? G4

with y representing an arbitrary gauge parameter, ensures that the propagators display well-controlled ultraviolet

behavior. Consequently, the renormalizability of the theory is maintained.

We now focus on the BRST symmetry in the Stueckelberg framework. Introducing the ghost field (w) along

with the antighost (w*), the effective Lagrangian can be expressed as

1 M? 1. N2
L _ 4. " DY — ¢
SST = /d J.-[ — i—lﬂ,_uf‘r + 9 (A;.r. deﬂB)

1 . . .
— 2—(6‘”‘/1;{ +xMB)?* —w*(9* + ',\(L-".Jz)w}. (3-5)
X
This action is symmetric under the following BRST operations:
(.)-;,Ap = a“;'.d 9{,. 5{,8 = Mw Qh.
- . 1
();,Lu' =0, (5;,&}* = **((')J,,A’” + X hrB) (}h
X (3.6)

where 6, denotes a global, anticommuting, infinitesimal parameter.

In a non-covariant gauge, the modified effective action becomes
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1 M? 1 2
A 4 . ity ; I

S, = / d'a| = Fu " + = (A, — :0,B)
1 . . ) .

— ?(n”ﬁl,, +xMB)? —w*(n-0+ ,\:‘JZ)w]

2X 3.7
This expression also remains invariant under the BRST transformations defined in (3.6).
Finally, the generating functional in the covariant gauge is written as
Z5r=1 Dg explisst” (40 68

where ¢ collectively denotes all fields appearing in the formalism. Green’s functions associated with the theory
can be systematically obtained from Z-.

Iv. RELATING STUECKELBERG IN COVARIANT AND
NON-COVARIANT GAUGES

We begin by analyzing the linearized version of the Stueckelberg effective action (3.5). To handle the gauge-
fixing consistently, an auxiliary Nakanishi—Lautrup field B is introduced. With this inclusion, the action takes the

form

1 2y
—— B A 32
.'jl[dﬂ ) + 28

v £ ] L ] 4 /
Sk = [ d.‘_?f[ - EFWFJ + 5M2 (AH

— B(0, A" + xM B) — w*(0* + \JI"})w].
4.1

where the first term describes the gauge field kinetic energy, the second term encodes the Stueckelberg mass
mechanism, the third term is the quadratic contribution of the auxiliary field, the fourth implements gauge fixing,

and the last represents the ghost sector.

This action is invariant under the following nilpotent BRST symmetry (off-shell):

O0bAu = Ouw Op, ObB=M w Op, dbw =0, opbw* =B Oy, obB = 0. (4.2)

Here, 65 is a constant Grassmann parameter. The transformation mixes the physical fields (4,, B) with the ghost

sector (w, w*) and ensures consistency of quantization by preserving gauge invariance at the quantum level.

When the same structure is reformulated in the axial-type gauge, the action modifies

to

1A 4. 1 iy 1 Q! 2(, 1 : : X 122
55,,.:_/4. 7| = Fw " + M (A, = —0,B) +3B

— B(nu A" + XM B) —w*(n- 0 + \;.;‘2)@_.]‘
4.3)
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where 7, is a fixed direction in spacetime that enforces the axial gauge condition.

To interpolate between these two gauge choices, a generalized BRST transformation is defined:

SbAy = Ouw O[], bB=Mw O[f], b =0, Spw*=BO[¢], HB=0. (4.4)

The key modification is the appearance of ®[¢], a finite field-dependent Grassmann parameter. Unlike the
constant 6, this parameter depends on the dynamical fields, allowing a continuous mapping between different
gauges.

For explicit construction, @ is chosen as

0 =iy ] d* (0@t — 1)), 4.5)

with y an arbitrary constant. This specific form ensures that the covariant and axial gauges can be connected via a

finite transformation.

Next, we analyze how the functional measure changes under such a transformation. From Eq. (2.6), the

variation of the Jacobian is obtained as

1 dJ
J dr

=iy [d4.-r: [B(E?HA" — 1 AY) + w9, A" — -r;},,fl“)w] “6)

This nontrivial Jacobian factor must be compensated by an additional term in the action to preserve the path

integral.

We therefore make the ansatz

$1= [ d'x [ €1(0BouA" + L) BuA + B0 oud 0 + s nud'o ], (47)
with & (x = 0) = 0. The &; functions encode the dependence on the interpolation parameter .

Differentiating with respect to x gives

(’S] y . " 7 L * i * )
pr /d';:r [E;Bd,,:"i’ + §Bn, A" + w0, AMw + i, A w:| “8)
Matching this expression with the Jacobian contribution leads to the consistency conditions
& —v=0, &E+v=0, & —7 =0, E&+v=0 4.9)
Solving for y = 1 yields
E1=1, E2=-1, &=1, &=-1, (4.10)

which satisfy the required initial conditions.

Substituting these values, the modified action becomes
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1, 2 X o
o ﬁl’)ﬂB) + EB

2,-

" 1 1,
SLo+ 8, = / d'z { = JFuF" + M (.4

— B(n, A" + xMB) —w*(n- 0+ x;'lf"’)w}
(4.11)

which is precisely the axial gauge action.

Finally, the generating functional under this finite field-dependent BRST transformation transforms as

1 1. 1 2 X .
7 = [ DA,DBDwDw* exp {:’ [ d".r[ - —IF;,.,F‘”’ - 5..112 (.4;, - T[f),,B) + %8-

— B(n, A" + xMB) —w*(n- 0 + \_U'-’)..:]} =74, (4.12)
Implying

Generalized BRST

Z" ( ] DA,,DBDwa*U-ﬁ'ﬁr) perlized BIST 4 ( ] DA,,DBDwa*(-"S?J'f‘). (4.13)

This demonstrates explicitly that a carefully constructed finite, field-dependent BRST parameter connects
the generating functional in covariant gauge to that in axial gauge. Consequently, the corresponding Green’s
functions in both formulations remain related via the generalized BRST approach, ensuring consistency of

the quantization procedure.

V. CONCLUSION

In this work, we have reconsidered the structure of BRST symmetry and have shown that its
generalization to finite, field-dependent transformations has provided a powerful tool for relating different
gauge-fixed versions of a theory. By introducing an interpolation parameter, we have constructed the finite
field-dependent BRST transformations while retaining nilpotency and consistency of the quantization

procedure.

We have further applied this generalized framework to the Stueckelberg theory. By selecting a suitable form of
the field-dependent parameter, we have established an explicit mapping between the covariant and the axial
gauges. The Jacobian of the path-integral measure has been computed, and its contribution has been absorbed into
a local functional, thereby ensuring that the generating functionals in different gauges have been related

consistently.

Thus, we have demonstrated that the generalized BRST formulation has not only preserved the algebraic
structure of the symmetry but has also connected the Green’s functions of covariant and non-covariant gauges in a
systematic manner. This framework has therefore provided a unifying perspective on gauge equivalence within

the quantization of the Stueckelberg model.

References:

[1] P. A. M. Dirac, Lectures on Quantum Mechanics, (Yeshiva Univ. Press, New York, 1964).

IJSDR2510140 | International Journal of Scientific Development and Research (IJSDR) www.ijsdr.org | b357



ISSN:2455-2631 October 2025 IJSDR | Volume 10 Issue 10
[2] E. S. Fradkin and G. A. Vilkovisky, Phys. Lett. B 55, (1975) 224.

[3] C. Becchi, A. Rouet and R. Stora, Annals Phys. 98, (1976) 287.
[4] L. V. Tyutin , LEBEDEV 39 (1975).
[5] T. Kugo and I. Ojima, Prog. Theor. Phys. Suppl. 66, (1979) 1.
[6] A.Restuccia and J. Stephany, Phys. Lett. B 305, (1993) 348.
[7] L. A. Batalin and E. S. Fradkin, Nucl. Phys. B 279, (1987) 514; Phys. Lett. B 180, (1986) 157.
[8] L. A. Batalin and I. V. Tyutin, Int. J. Mod. Phys. A 6, (1991) 3255.
[9] T. Fujiwara, Y. Igarashi and J. Kubo, Nucl. Phys. B 341, (1990) 695.
[10] Y. W. Kim, S. K. Kim, W. T. Kim, Y. J. Park, K. Y. Kim and Y. Kim Phys. Rev. D 46, (1992) 4574.
[11] L. D. Faddeev and S. L. Shatashivili, Phys. Lett. B 167, (1986) 225.
[12] J. Wess and B. Zumino, Phys. Lett. B 37, (1971) 95.
[13] A. Proca, J. de Phys. et le Radium 7, (1936) 347.
[14] R.J. Glauber, Prog. Theor. Phys. 9, (1953) 295.
[15] A. Lahiri, ArXiv [hep-th] 9301060 (1993).
[16] A. Lahiri, Phys. Rev. D 55, (1997) 5045.
[17] A. Lahiri, Phys. Rev. D 63, (2001) 105002.
[18] E. C. G. Stueckelberg, Helv. Phys. Acta 11, (1938) 225.
[19] E. C. G. Stueckelberg, Helv. Phys. Acta 11, (1938) 299.
[20] E. C. G. Stueckelberg, Helv. Phys. Acta 11, (1938) 312.
[21] C. Marshall and P. Ramond, Nucl. Phys. B 85, (1975) 375.
[22] P. Ramond, Prog. Theor. Phys. Suppl. 86, (1986) 126.
[23] G. Aldazabal, L. E. Ibanez and F. Quevedo, JHEP 02, (2000) 015.
[24] S. D. Joglekar and B. P. Mandal, Phys. Rev. D 51, (1995) 1919.
[25] R. Banerjee and B. P. Mandal, Phys. Lett. B 27, (2000) 488.
[26] S. D. Joglekar and B. P. Mandal, Int. J. Mod. Phys. A 17, (2002) 1279 .
[27] S. Upadhyay, S. K. Rai and B. P. Mandal, J. Math. Phys. 52, (2011) 022301.
[28] S. Upadhyay and B. P. Mandal, Eur. Phys. Lett. 93, (2011) 31001.
[29] S. Upadhyay and B. P. Mandal, Mod. Phys. Lett. A 40, (2010) 3347.
[30] B. P. Mandal, S. K. Rai and S. Upadhyay, Eur. Phys. Lett. 92, (2010) 21001.
[31] S. Upadhyay and B. P. Mandal, Eur. Phys. J. C 72, (2012) 2065.
[32] S. Upadhyay and B. P. Mandal, AIP Conf. Proc. 1444, 213 (2012).

IJSDR2510140 | International Journal of Scientific Development and Research (IJSDR) www.ijsdr.org | b358



