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Abstract: In this paper, the solutions of a class of standard cubic congruence of composite modulus – a product of power of 

three and a of power of an odd prime- is discussed for formulation. It is found that the author’s formulations made the 

study of standard cubic congruence of composite modulus interesting and simple. No such formulation is found in the 

literature of mathematics. In this study, the said standard cubic congruence is discussed in various cases for solutions. The 

discovered formulae are simple and very easy to calculate the solutions. Formulation is the merit of the paper. 
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INTRODUCTION 

The congruence of the type: 𝑥3 + 𝑎𝑥2 + 𝑏𝑥 + 𝑐 ≡ 0 (𝑚𝑜𝑑 𝑝); 𝑝 𝑏𝑒𝑖𝑛𝑔 a prime positive integer, is called a general cubic 

congruence of prime modulus. If p is replaced by a composite positive integer, then the congruence is called a general cubic 

congruence of composite modulus. But the congruence 𝑥3 ≡ 𝑎 (𝑚𝑜𝑑 𝑚), m being a composite positive integer, is a standard cubic 

congruence of composite modulus. Here in this study, the author discusses the solutions of a new standard cubic congruence of a 

very special type of composite modulus. 

PROBLEM-STATEMENT 

The problem is “To formulate the solutions of the standard cubic congruence of composite modulus of the type: 𝑥3 ≡
3 (𝑚𝑜𝑑 3𝑚𝑝𝑛)  in three different cases: 

Case-I: when a is an odd integer and a = p; 

Case-II: when 𝑎 is a multiple of three; 

Case-III: when 𝑎 is any other integer (odd or even). 

LITERATURE REVIEW 

Referring different books of Number Theory, it is found that only linear and quadratic congruence are discussed prominently. Cubic 

congruence is not considered for formulation. 

Only it is mentioned in [1] that the congruence: 𝑥3 ≡ 𝑎 (𝑚𝑜𝑑 𝑝) , 𝑝 𝑎𝑛 𝑜𝑑𝑑 𝑝𝑟𝑖𝑚𝑒, is solvable if 𝑎 is a cubic residue of p and a 

problem of finding cubic residue of an integer [page-548, supplementary exercises] . 

In [2], only a definition of cubic residue of prime p is mentioned for 𝑥3 ≡ 𝑎 (𝑚𝑜𝑑 𝑝) , 

  𝑝 𝑎𝑛 𝑜𝑑𝑑 𝑝𝑟𝑖𝑚𝑒 [𝑝𝑎𝑔𝑒 − 136, 𝑃𝑟𝑜𝑏𝑙𝑒𝑚 − 18]. 

The author studied the standard cubic congruence of prime and composite modulus and formulated many such congruence [3], [4], 

[5], [6], [7], [8], [9], [10]. 

EXISTED METHOD 

                    Searching for a methods of finding solutions of the said congruence, no formulation or method is found in the literature 

of mathematics. It is also found that Chinese Remainder Theorem can be used to find the required solutions. But it has some 

demerits. 

 To use CRT method, one has to solve the individual cubic congruence:   
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𝑥3 ≡ 3 (𝑚𝑜𝑑 3𝑚);  𝑥3 ≡ 3 (𝑚𝑜𝑑 𝑝𝑛). But again the same difficulties arise here: how to solve these two cubic congruence. No 

method is found. Only author’s formulations are found. 

  ANALYSIS & RESULT 

Case-I: Let us consider  𝑎 = 𝑝. 

 Consider 𝑥 = 3𝑚−1𝑝𝑛−2𝑘 + 𝑎. 

Then, 𝑥3 = (3𝑚−1𝑝𝑛−2𝑘 + 𝑎)3 

               = 33𝑚−3. 𝑝3𝑛−6. 𝑘3 + 3. 32𝑚−2. 𝑝2𝑛−4. 𝑘2. 𝑎 + 3. 3𝑚−1. 𝑝𝑛−2. 𝑘. 𝑎2 + 𝑎3 

              = 3𝑚𝑝𝑛−2(𝑘𝑎2 + 𝑘2𝑎. 𝑝𝑛−23𝑚−2 + 𝑘332𝑚−3𝑝2𝑛−4) + 𝑎3 

              = 3𝑚𝑝𝑛−2(𝑘𝑝2 + 𝑘2𝑝𝑛3𝑚−2 + 𝑘332𝑚−3𝑝2𝑛−2) + 𝑎3 

              = 3𝑚𝑝𝑛(𝑘 + 𝑘2𝑝𝑛−23𝑚−2 + 𝑘332𝑚−3𝑝2𝑛−4) + 𝑎3, if 𝑎 = 𝑝. 

              ≡ 𝑎3 (𝑚𝑜𝑑 3𝑚𝑝𝑛) 

Thus, it is seen that 𝑥 ≡ 3𝑚−1𝑝𝑛−2𝑘 + 𝑎 (𝑚𝑜𝑑 3𝑚𝑝𝑛) satisfies the congruence and hence it can be considered a solution of it. But 

for 𝑘 = 3𝑝2,  the solutions reduces to 

 𝑥 ≡ 3𝑚−1𝑝𝑛−2. 3𝑝2 + 𝑎 (𝑚𝑜𝑑 3𝑚𝑝𝑛) 

    ≡ 3𝑚𝑝𝑛 + 𝑎 (𝑚𝑜𝑑 3𝑚𝑝𝑛) 

   ≡ 𝑎 (𝑚𝑜𝑑 3𝑚𝑝𝑛),  which is the same solution as for 𝑘 = 0. 

For other higher values of k. the solutions repeats as for 𝑘 = 1, 2, … … 

Therefore, it can be concluded that the congruence has exactly 3𝑝2- solutions for  

 𝑘 = 0, 1, 2, … … . . ,3𝑝2 − 1. 

Case-II: Let 𝑎 be a multiple of three. 

    Consider 𝑥 = 3𝑚−2𝑝𝑛𝑘 + 𝑎. 

Therefore, 𝑥3 = (3𝑚−2𝑝𝑛𝑘 + 𝑎) 3 

                       = (3𝑚−2𝑝𝑛𝑘)3 + 3. ( 3𝑚−2𝑝𝑛𝑘)2. 𝑎 + 3. 3𝑚−2𝑝𝑛𝑘. 𝑎2 + 𝑎3 

                       = 3𝑚−1𝑝𝑛𝑘(32𝑚−3𝑝2𝑛𝑘2 + 3𝑚−2𝑝𝑛𝑘. 𝑎 + 𝑎2)+𝑎3 

                       = 3𝑚−1𝑝𝑛𝑘( 3𝑡) + 𝑎3 , 𝑖𝑓 𝑎 𝑖𝑠 𝑎 𝑚𝑢𝑙𝑡𝑖𝑝𝑙𝑒 𝑜𝑓 3. 

                      = 3𝑚𝑝𝑛𝑘𝑡 + 𝑎3 

                     ≡ 𝑎3(𝑚𝑜𝑑 3𝑚𝑝𝑛). 

Thus, 𝑥 ≡ 3𝑚−2𝑝𝑛𝑘 + 𝑎 (𝑚𝑜𝑑 3𝑚𝑝𝑛) is a solution of the said congruence. 

But for 𝑘 = 9, the solution becomes 𝑥 ≡ 3𝑚−2𝑝𝑛 . 9 + 𝑎 (𝑚𝑜𝑑 3𝑚𝑝𝑛) 

                                                                ≡ 3𝑚𝑝𝑛 + 𝑎 (𝑚𝑜𝑑 3𝑚𝑝𝑛)  

                                                               ≡ 𝑎 (𝑚𝑜𝑑 3𝑚𝑝𝑛) 

Which is the same solution as for 𝑘 = 0. 

Also, for other higher values of k, the solutions repeats as for 𝑘 = 1, 2, … …. 

Therefore, it is concluded that the congruence has nine solutions when 𝑎 is a multiple of three. 

Case-III: Let a be any other positive integer (even or odd). 

Consider the said congruence:  𝑥3 ≡ 𝑎3 (𝑚𝑜𝑑  3𝑚𝑝𝑛). 

Then, for 𝑥 = 3𝑚−1𝑝𝑛𝑘 + 𝑎, 𝑘 = 0, 1, 2, 3, 4, … … ..  

                  𝑥3 = (3𝑚−1𝑝𝑛𝑘 + 𝑎)3  
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Expanding using binomial theorem, one get 

    𝑥3 = (3𝑚−1𝑝𝑛𝑘)3 + 3. (3𝑚−1𝑝𝑛𝑘)2. 𝑎 + 3(3𝑚−1𝑝𝑛𝑘) 𝑎2 + 𝑎3 

          = 𝑎3 + 3𝑚𝑝𝑛(… … . . ) 

          ≡ 𝑎3 (𝑚𝑜𝑑 3𝑚𝑝𝑛) 

Thus, 𝑥 = 3𝑚−1𝑝𝑛𝑘 ± 𝑎  satisfies the congruence and hence is a solution of it. 

For 𝑘 = 3, 𝑥 = 3𝑚−1𝑝𝑛 . 3 + 𝑎 = 3𝑚𝑝𝑛 + 𝑎 ≡ 𝑎 (𝑚𝑜𝑑 3𝑚𝑝𝑛) which is same as 𝑘 = 0. 

Similarly, for  𝑘 = 4, 5 ….  it can be seen that the solutions are the same as for 𝑘 = 1, 2. 

Therefore, all the solutions are obtained for 𝑘 = 0, 1, 2. 

Hence, the congruence has exactly three solutions. 

ILLUSTRATIONS 

Consider the congruence 𝑥3 ≡ 125 (𝑚𝑜𝑑 10125). 

Here, 10125 = 81.125 = 34. 53 

Then the congruence becomes  𝑥3 ≡ 53 (𝑚𝑜𝑑 34. 53). 

It is of the type: 𝑥3 ≡ 𝑎3 (𝑚𝑜𝑑 3𝑚𝑝𝑛)  𝑤𝑖𝑡ℎ 𝑎 = 5, 𝑚 = 4, 𝑛 = 3, 𝑝 = 5 𝑤𝑖𝑡ℎ  𝑎 = 𝑝. 

The p-solutions are given by 

                           𝑥 ≡ 3𝑚−1𝑝𝑛−2𝑘 + 𝑎 (𝑚𝑜𝑑 3𝑚. 5𝑛)𝑓𝑜𝑟 𝑘 = 0, 1, 2, 3 … … … ,3𝑝2 − 1. 

                            ≡ 3351𝑘 + 5 (𝑚𝑜𝑑 3453) 

                           ≡ 135𝑘 + 5 (𝑚𝑜𝑑 10125);𝑘 = 0, 1, 2,3, 4, 5, . … … … , 75 − 1. 

                          ≡  0 + 5,135 + 5, 270 + 5, 405 + 5, 540 + 5,675 + 5, … … .. 

                                    ………….9990+5  (𝑚𝑜𝑑 10125). 

                         ≡  5, 140, 275, 410, 545,680, … … … … … . . ,9995 (𝑚𝑜𝑑 10125).  

Thus the congruence has exactly 3𝑝2 = 3.25 = 75 solutions. 

Consider the congruence 𝑥3 ≡ 216 (𝑚𝑜𝑑 1323). 

Here, 1323 = 27.49 = 33. 72 and 216 = 63. 

Then the congruence becomes  𝑥3 ≡ 63 (𝑚𝑜𝑑 33. 72). 

It is of the type: 𝑥3 ≡ 𝑎3 (𝑚𝑜𝑑 3𝑚𝑝𝑛)  𝑤𝑖𝑡ℎ 𝑎 = 6, 𝑚 = 3, 𝑛 = 2, 𝑝 = 7. 

The the solutions are given by 

   𝑥 ≡ 3𝑚−2𝑝𝑛𝑘 + 𝑎 (𝑚𝑜𝑑 3𝑚. 72)𝑓𝑜𝑟 𝑘 = 0, 1, 2, … … 8. 

      ≡ 3172𝑘 + 6 (𝑚𝑜𝑑 3372) 

      ≡ 147𝑘 + 6 (𝑚𝑜𝑑 1323) 

     ≡  0 + 6,147 + 6,294 + 6, 441 + 6,588 + 6, 735 + 6, 882 + 6 , 

        1029 + 6, 1176 + 6 (𝑚𝑜𝑑 1323).  

    ≡  6,153, 300, 447,594, 741, 888,1035,1182, (𝑚𝑜𝑑1323 ).   

Thus the congruence has exactly nine solutions. 

Consider the congruence 𝑥3 ≡ 64 (𝑚𝑜𝑑 3375). 

It can be written as 𝑥3 ≡ 43 (𝑚𝑜𝑑 27.125) 𝑖. 𝑒 𝑥3 ≡ 43 (𝑚𝑜𝑑 33. 53)   

It is of the type 𝑥3 ≡ 𝑎3 (𝑚𝑜𝑑 3𝑚. 𝑝𝑛)  with 𝑎 = 4, 𝑚 = 3, 𝑛 = 3, 𝑝 = 5. 
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It has exactly three solutions given by 𝑥 ≡ 3𝑚−1𝑝𝑛𝑘 + 𝑎  ; 𝑘 = 0, 1, 2. 

                                                                 ≡ 3253𝑘 + 4 (𝑚𝑜𝑑 33. 53) 

                                                                ≡ 1125𝑘 + 4 (𝑚𝑜𝑑 27.125) 

                                                                ≡ 1125𝑘 + 4 (𝑚𝑜𝑑 3375); 𝑘 = 0, 1, 2. 

                                                                ≡ 0 + 4, 1125 + 4,2250 + 4 (𝑚𝑜𝑑 3375) 

                                                                ≡ 4, 1129, 2254 (𝑚𝑜𝑑 3375). 

These are the required three solutions of the congruence. 

Consider the congruence 𝑥3 ≡ 27 (𝑚𝑜𝑑 1323). 

It can be written as  𝑥3 ≡ 33 (𝑚𝑜𝑑 3372). 

It is of the type 𝑥3 ≡ 𝑎3 (𝑚𝑜𝑑 3𝑚𝑝𝑛).  

It has exactly three solutions given by 𝑥 ≡ 3𝑚−1𝑝𝑛𝑘 + 𝑎 (𝑚𝑜𝑑 3𝑚𝑝𝑛) ; 𝑘 = 0, 1, 2. 

                                                                 ≡ 3272𝑘 + 3 (𝑚𝑜𝑑 3372) 

                                                                ≡ 9.49𝑘 + 3 (𝑚𝑜𝑑 27.49) 

                                                               ≡ 441𝑘 + 3 (𝑚𝑜𝑑 1323); 𝑘 = 0, 1, 2. 

                                                               ≡ 0 + 3, 441 + 3, 882 + 3 (𝑚𝑜𝑑 1323) 

                                                                ≡ 3, 444, 885 (𝑚𝑜𝑑 1323).         

These are the three solutions. 

CONCLUSION 

It can be concluded that the congruence under consideration: 𝑥3 ≡ 𝑎3 (𝑚𝑜𝑑  3𝑚𝑝𝑛) 

has exactly 3𝑝2-solutions given by 

    𝑥 ≡ 3𝑚−1𝑝𝑛−2𝑘 + 𝑎 (𝑚𝑜𝑑 3𝑚. 5𝑛)𝑓𝑜𝑟 𝑘 = 0, 1, 2, 3 … … … ,3𝑝2 − 1, 𝑖𝑓 𝑎 = 𝑝. 

But if, 𝑎 is a multiple of three, then it has exactly nine incongruent solutions given by 

 𝑥 ≡ 3𝑛−2𝑝𝑛𝑘 + 𝑎 (𝑚𝑜𝑑 3𝑚𝑝𝑛); 𝑘 = 0, 1, 2, … … … . ,8 . 

 The congruence has exactly three incongruent solutions given by  

𝑥 ≡ 3𝑚−1. 𝑝𝑛𝑘 ± 𝑎 (𝑚𝑜𝑑 3𝑚𝑝𝑛), 𝑘 = 0, 1, 2, if 𝑎 is any positive integer. 

 

MERIT OF THE PAPER 

A new class of standard cubic congruence is formulated. Formulation made the finding of solutions easy. No need to use CRT. 

Formulation is the merit of the paper. It saves the time of calculations. 
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