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Abstract: This paper is concerned with Stability Analysis of Nonlinear Non-autonomous systems by using Lyabunov
functions and the time derivative of a Lyabunov functions are indefinite in the Lyabunov stability theorems and it can
be achieved with the help of some scalar functions.
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1. INRTODUCTION

The most helpful approach for studying of nonlinear systems is the theory introduced in 19" century by the Russian
Mathematician Alexandar Mikhailovich Lyabunov. A powerful tool for analyzing stability is the use of Lyabunov functions.

A Lyabunov function is an energy like function that can be used to analyse stability of a system. The Lyabunov indirect
method which is also known as the Lyabunov’s second method.

The stability of Non- autonomous (time variant) systems are more arduous to handle than autonomous (time invariant)
systems. The classical Lyabunov stability theorems are generalized that the time derivative Lyabunov functions are allowed to be
indefinite.

Stability of the system can be guaranteed if some scalar function is stable and different stability properties of the scalar
function together with different assumptions on the bound of Lyabunov functions, which provides different stability outcomes of
the nonlinear system.

The paper is organized as follows. Section 2 deals with the definitions of stability analysis.in Control Theory and Section
3 represents the stability theorems by using Lyabunov functions whose time derivative can take indefinite values of nonlinear non-
autonomous system and Section 4 concludes the paper.

2. PRELIMINARIES
Consider the nonlinear non-autonomous system
y=gty®),v®) 1)

Where f:] x R™ X R™ — R™is continuous, locally lipschitz on y for bounded v and g(t,0,0) = 0. The input v:J - R™is assumed
to be locally essentially bounded.

And for any ¢! function :J x R™ — R, defined by

L OU(Y) | UEY)
2 T, 9ty.v) )

Ut,y) | e}
Consider the scalar linear time varying system is given by,

x=y()x(), t€] ®)
Where x(t):] - R is state variable and y(t) € PC(J, R).

Then the state transition matrix for the system x = y(t)x(t) is,
t
ot te) = exp ([Ly(s)ds), Vi, <te) (4)
DEFINITON: 1

The zero solution of the system y = g(t, y(t), v(t)) is said to be stable if for every € > 0, there exist a number §(t,, €) >
0 such that ||y (to)|l < &(to, &) implies
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ly@®ll <e  Vt, <t.
DEFINITON: 2

The Nonlinear Non-autonomous system y = g(t,y(t),v(t)) is said to be globally asymptotically stable if for any
€ > 0, there is §(ty, €) > 0 such that |y(t,)| < &(t,, €) implies

ly®ll <e Vty<te]

and for any x(t,) € R™, there holds gimly(t)l =0.

DEFINITON: 3

The Nonlinear Non-autonomous system y = g(t,y(t), v(t)) issaid to be globally uniformly asymptotically stable
if there exists a o € (L such that, for any y(t,) € R™ satisfies

ly@®l < a(ly(tol.t — ), Vig<t€]
DEFINITON: 4

The Nonlinear Non-autonomous system y = g(t, y(t), v(t)) is said to be globally exponentially stable if there is a
6 € v and B > 0 such that

[y (O] < 0(t)ly ()l exp(—=B(t = ty)), Vt, <t €]
DEFINITON: 5

The Nonlinear Non-autonomous system y = g(t,y(t),v(t)) is said to be globally uniformly exponentially stable
ifitis globally exponentially stable with 6(t,) independent of ¢,.

3. ASYMPTOTIC STABILITY ANALYSIS
In this section we shall provide the theorems for stability analysis such as asymptotic stability and exponential stability.
THEOREM: 1

Assume that there exist two V¥, functions §;, i = 1,2 and C* function U:J X R™ — [0,) and ascalar functiony(t) €
PC(J, R) such that for all ¢t € Jandy € R™,

ﬂl(t' |)’|) < U(t'y) < ﬁZ(t! |}’|),

U(t' y) | (1)where v=0 < )/(t)U(t, y)
are satisfied.
Then the Nonlinear Non-autonomous system y = g(t, y(t), v(t)) with v =0 is

Globally asymptotically stable if y(t) is asymptotically stable.

Globally uniformly asymptotically stable if y(t) is uniformly exponentially stable and S, (t,s), B,(t,s) are independent of t .
Globally exponentially stable if y(t) is exponentially stable and there exist n > 0 and p; € V,i = 1,2 such that B;(t,s) =
(S i =1,2.

Globally uniformly exponentially stable if y(t) is Uniformly exponentially stable and there exist n >0 and p; > 0,i = 1,2
such that B;(t,s) = p;(®)S™ i =1,2.

PROOF:
Let B,, B, betwo NXK, functions and a scalar function y(t) € PC(J,R), we have
Bt lyD) S UL y) < B (8, [y ©)

U(t, y) | (1)where v=0 < Y(t)U(t: y) (6)
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U(ty)

) < y(), Vi, <te€]j

The inequality (5) becomes
B1(to, ly) < B, (L |yD), Vip =t
< Ut y(®)
B1(to, ly1) < U(to, ¥(to)) ¢ (¢, to)
Bi(to, 1y1) < B2 (o, 1y (t0) D) (&, £o) )
Proof of (a):
Let the scalar function y(t) is asymptotically stable.
To prove the Nonlinear Non-autonomous system y = g(t, y(t), v(t)) is globally asymptotically stable.
Since ffﬁ o(t,ty) =0
There exists T = T(t,), such that @(t,ty) <1, t =ty + T(to).
Assume that,

u(to) = {ot,te)} 21

max
Se[to,to'l-T(to)]
Applying the above in equation (7), which implies that

B1(to, [y < B2 (to, ly(to)]) u(to), Vi, <t€]

Given that the function g € XK, and we take 8~1(¢,s) be the inverse function of B(t,s) with respect to the second variable,
such that

BT B(E) =1

For every & > 0, choose
8(to) = B2 (to, s B (to,€)

8(to) B (to, u(to)) = B1(to, €)

B2 (to, u(to)) 8(to) = By (to, €) (8)
Comparing the equations (7) & (8), which gives
ly(to)| < 6(to) 9)

Apply the equation (9) in (7),
B1 (to, [y D) < B2 (to, 6(t))p(to)
= Pi(to, &)
ly(®)| <e Vi, <t
lim ly(®)] =0
Therefore the nonlinear system is globally asymptotically stable.

Proof of (b):
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Assume that y(t) is uniformly exponentially stable and B, (t,s), B.(t,s) are independent of t.
To prove the system is globally uniformly asymptotically stable.
From equation (7), which implies that
ly(®)] < B (B2ly(to)D) ¢(t, to)
< B (Bo(y (D) exp(f,, v (s) ds)

< B (Ba(ly(to)]) exp(—B (¢ — to) + a(to))
ly(@®) < B Ba(ly(to)]) exp(=B(t — t)) exp(a(ty))
Therefore the nonlinear system is globally uniformly asymptotically stable.
Proof of (c):
To prove the system is globally exponentially stable.
Note that,
B (6 s) = sV p ().
From equation (7), which implies that
[y ()] < B1 ™" () (B2 (b, Iy (E0) ) 0(t, o)
< p V() P2 (o) (ly (E)I™) exp ([ ¥(s) ds))
< pi M) (02 (t0) (19t ™) exp (=B (¢t — to) + a(to) )™
= [P2(60)/P1 (t)]"™ 1/ Iy (el exp (=Bt — to) + a(to))
ly(to)| = [p2 (to)/pl(to)]% expla(to)/n]ly(to)| exp[—p (¢t = to)/n] (10)
Therefore the system is globally exponentially stable.
Proof of (d):
Assume y(t) is uniformly exponentially stable.
To prove the system is globally uniformly exponentially stable.

From equation (10), p;,p, and a(t,) are independent of t;. So the nonlinear non-autonomous system y = g(t, y(t), v(t)) with
v = 0 is globally uniformly exponentially stable.

THEOREM: 2

Assume that there exist two N¥, functions 8,8, anda C' function U:]J x R™ - [0,) and an asymptotically
stable function y(t) € PC(J,R) and ascalar function y(t) € PC(J,[0,)) such that for all  (t,y) €] X R™,

Bt lyD) S Ut y) < Ba(t, |y

Ut ) | ywherev=o < YU, Y) + x(£) (11)

are satisfied.

Let @(t,s) = exp (f;y(s) ds), to <t€j] and define n(t,ty):J XJ >R as,
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n(t, ty) = f; p(t,s) x(s)ds.

Then the nonlinear non-autonomous system y = g(t, y(t), v(t)) is globally asymptotically stable if n(t,t,) is bounded for any
to <te€]j and

gim n(t, ty) = gim ftto @(t,s) x(s)ds =0, Vt, €].

PROOF:

Given that
Bt ly) = Ut y) < Ba(t, |y
U | wwherevzo < YU Y) + x()
B1(to, ly(©D) < B (&, [y(©D), Vto <t
Bi(to, ly(®)D) < U(t,y(2)) (12)

We know the Gronwall —Bellman Inequality, which says that, “ Assume that y(t), x(t) € PC(J,R) and x(¢t):] -
[0, o) be such that

x(t) < y(©x(©) + x(©), vVte].
Then the inequality

x() <x($)e(t,s) + [, p(t,2) x(DdA
holds true, foranys <t € J..

So we have,
Bi(to, Iy (D) < Ulto, y(t))0(t to) + [, 0t to) x(s) ds

B1(to, [y ()] < U(to, y(to))@ (X, to) +n(tsto)

glm ﬁl (t()l |}’(t)|) < glm U(tOJ Y(tO))(p(t' tO) + T](t, tO)

500 00

lim By (&, ly(©)) =0

500

Since gim o(t,ty) =0

500

Which implies that gim ly(®)] =0 and n(t,ty), @(t, ty) are bounded, then B1(to, ly(®)]) is bounded.

500

Therefore |y(t)| is bounded.
Hence the nonlinear non-autonomous system y = g(t, y(t), v(t)) is globally asymptotically stable.
4. CONCLUSION

In this paper, the stability of non-autonomous nonlinear systems with indefinite derivative of a Lyabunov function are
presented. For asymptotic stability, exponential stability theorems can be investigated by introducing scalar function.

REFERENCES

[1] D.Aeyels and J.Peuteman, “A new asymptotic stability criterion for nonlinear time-variant differential equations”, IEEE Trans.
Automat. Control, pp. 968-971, 1998.

[2] D.Aeyels and J.Peuteman, “On exponential stability of non-linear time-varying differential equations”, Automatica, pp.1091-
1100, 1999.

[3] H.K.Khalil, “Nonlinear Systems”, Third Edition, Prentice Hall, 2002.

IJSDR1812024 | International Journal of Scientific Development and Research (IJSDR) www.ijsdr.org | 143


http://www.ijsdr.org/

ISSN: 2455-2631 © December 2018 IJSDR | Volume 3, Issue 12

[4] F.Mazenc, “Strict Lyabunov functions for time-varying systems”, Automatica, vol.39, 2003.
[5] M.Vidhyasagar, “Nonlinear system analysis” Second Edition, Prentice Hall, 2003.
[6] B.Zhou, “On Asymptotic stability of linear time-varying systems”, Automatica.

[7] B.Zhou, G.Cai and G.Duan, “Stabilization of time varying linear systems via Lyabunov differential equations™, International
Journal of Control, vol.86, no.2, pp.332-347, 2013.

IJSDR1812024 | International Journal of Scientific Development and Research (IJSDR) www.ijsdr.org | 144


http://www.ijsdr.org/

